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PREFACE TO THE FIRST EDITION 

It gives me great pleasure in bringing out my book on 
Sphetical Trigonometry which I had announced much 
earlier. Owing to heavy rush of work I could not see it 
through the Press and I had to disappoint so many students 
who made innumerable enquiries about the same. 

Spherical Trigonometry is the most important subject 
or the students of Astronomy and I am sure that as usual 
the present book is upto their expectation. The side AB of 
a spherical triangle is denoted by small c whereas the angle 

opposite to It IS denoted by C. In spite of the best efforts 

put in by the compositors of M/s Prakash Printing Press I 

tToe abov. 

tlLete? 

The various fundamental formulae have been deduced 
m an ea Jto-understand manner and they are illustraL 

uLnl f examples followed by some 

unsolved examples for the practice of the students. 

ny suggestions for the improvement of the book fmm 
any quarter will be highly appreciated. "" 

315, Chhipi Tank »» 

Meerut. M- L. KHANNA 
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thatlL'retque^olh'^T*’'" with the result 

References of University d^dLs h^" K 

the questions Latest ^ with 

added in the end been 
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LISTS OF IMPORTANT FORMULAE 

Definitions 

1. Arc ab of a small circle 

= Parallel arc AB of a great circle. cos 0 

or Arc AB of a great circle 

^Parallel arc ab of a small circle. sec ff>, 
where is the arc Aa. [Refer fig. 9 P. 8] 

2 . The sides and the angles of a polar triangle are 
respectively supplements of the angles and sides of the 
primitive triangle, 


f.e, 

and 


or 


or 


a* ■=^Tr ^ A, b' = 7r - B, c'^tt — C 

A'^TT-a, B' = TT~b, C’ = 7T-C. 

Fundamental Formulae 
Cosine formula. 

cos fl=*cos b cos c+sin b sin c cos A, 

cos b^cQS c cos a+sin c sin a cos B, 

cos c=cos a cos i-f-sin a sin b cos C, 

. cos <2 - cos ^ cos r 
cos A^~ 


cos B— 


sin b sin c 
cos b ~ cos c cos a 
sin c sin a 
cos c — cos a cos b 


cosC= . . 

sin a sin b 

Supplemental cosine formula* 

cos i4 = — cos B cos C-psin B sin C cos a, 
cos — cos C cos i4+sin C sin A cos b, 
cos C= — cos A cos B+sin A sin B cos c, 

cos i4+cos B cos C 


cos 


cos b^ 


sin B sin C 
cos B+cos C cos A 


sin C sin A 


I 



( vi ) 


cos c+cos A cos B 

sin ^ sin 5 ’ 

5 * Sine formulae* 

sin i4 _ sin B _ sin 2n 

sin a sin b sin c sin a sin b sin c 
\\ here 4n^=sl —cos* a — cos* ^ — cos* c-f-2 cos a cos b cos c 
and n*=5in s sin (5-a) sin (s—b) sin {s-c). 

sin fl_ sin b ^ sin c __ 2N 

sin A sin B sin C sm A sm B sin C 
jV2= - cos S cos (5 - A) cos (5 - B) cos {S - C), 

Formulae for Half Angle* 

// sin [s~b) sin f-r — g)\ 

\/ V sin b sin c /’ 

A 


where 

6 , 


A 

sin — 


cos 


tan 


//si^ . s in(.-. )N 
V V sin 0 sin c J 


= // sin (s^b) si n 

\/ \ sin J sin (j— < 2 ) / 


2 'V V sin s sin {s 

Formulae for half a side. 


cos 


tan 


/ / cos 5 cos (5 - 

V \ sin B sin^^ } 

/ /cos {S - B) cos iS - C)\ 

V \ sin £ sin C / 

V( 


sin B sin C 
cos S cos \ 

cos (5— B) cos (5-CJ/ 

A 


8. Sine-cosine formula* 

sin c cos Bs=sin a cos B 
12 a c 

— cos a sin b cos C 

9 6 4 




9* The cotaogent formula. Gonsecntive four. 





(inner side) cos (inner angle) 

=sin (inner side) cot (other side) 

-sin (inner angle) cot (other angle) 
cos b cos C=sin b cos a-sin C cot 

xo, Napier’s Analogies. 


a — b 


(1) tan 


A+B 


0 


cos 


, C 

—~I cot — 
fl-f 6 ' 2 . 

2 


a -6 


(2) tan 


A^B "'^“2 


2 


, C 

n cot — 

a-\-b *2 


sin 


(3) tan‘’-±^= 


A^B 

cos — 


cos 


2 . c 


(•1) tan 


. A-B 

a-b 


A+B 2- 


Sin 


2 
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11, De Alembert’s Analogies 

a~b 


1 . 


3 . 


4 . 




cos 


C ' 

c 

cos — 

cos — 

. A~B 

. a~b 

sin — - — 
2 

sin 2 

C 

** c 

cos 2 

sm-2 

A+B 

a-\-b 

cos-^ 

cos — ^ 

c 

" c 

sin 2 

cos^ 

A-B 

. aA-b 

cos 2 ■ 

sin 2 


sin 


s.n| 


Right-Angled Triangle 
Napier’s Rule for Right-Angled Triangle. 

Sin of middle part 

= Product of tangents of adjacent parts 
= Product of cosines of opposite parts. 

The sides containing the right angle are to be taken as 
they are, but for the remaining three elements we have to 
take their complements. If we choose any element as 
middle, then the two elements just adjacent to it on either 

side of it will be called ad jacents whereas the remaining 



s 
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two will be called opposites, 

eg., if we choose c as middle 
then A and B will be adja- 
cents and a, b will be oppo- 
sites. While applying 
Napier’s rales c will be taken 
and so also A and B 
will be taken as 7r/2 — and 
7r/2-S, whereas a and b con- 
taining the right angle C will 
be taken as they are. 

sin (7r/2-c)=tan (7r/2-^) tan (7r/-2-£) 

=cos a cos b 
cos c=cot A cot B 

C03 c=cos a cos b. (V. Imp.) 

Similarly choosing a as middle, we have, as explained 
above, ^ 

sin o = tan i tan (.r/o - fi) = cos (njO-A) cos {77/2-c) 

or S'" “ = lan 6 cot B=sin ^ sin c. 

Spherical Excess 


*3 


*4 


>5 


i6. 


2'J 


E-Ai-BA-C- 7 r= 2 S^n or 5 = £/24-7t/2. 

sin -^ == sin cjn 

^ cos 

tan -f =[tan tan tan tan 

cos ^=1±££L£±£0S i+cos c 
2 4 cos a|■^ cos 6/2 cos r/2 

= fl/2+C05« 6/2-j-cn<.2 .p , I 

2 cos a/2 cos bl2 cos ^ 


( M ' 


>7- 


where 


Small Variations 

<^fl=cos C cos B Ac-\-k sin b sin c AA, 
Ab=cos A Ac+cos C AaA-k sin c sin a AB, 
-cos B Ja+cos A Ab-\-k sin a sin b AC, 

sin A 




sm a 


i8. 


Ji4=s — cos c JB — cos b AC-^k”^ sin B sin C Aa, 

- cos a AC — cos c AA-\-k“^ sin C sin A Ab, 

AC =^cos b A A — cos a ABA-k~^ sin A sin B Ac. 

ig. Latitude and Longitude of a place on the earth. 



In the above figure arc LM of the equator measured 
by Z.LCM or spherical angle LPM is called longitude of 0 
whereas arc OM=<f. is called latitude of 0. The arc 

PO=^0-<i> is colatitude of 0. 


CHAPTER I 

DEFINITIONS 


I. The section of a sphere by a plane is a circle. 

Let 0 be the centre ot the 
sphere whose radius is r. Let 
ABC be the section of the sphere 
by any plane. Through 0 draw 
OD perpendicular to the plane. 

Choose any two points A and B 
on the section and join OA, 

OB^ DA and DB, Now OD is 

perpendicular to the plane and 
as such it is perpendicular to 
every line lying in the plane. 



Fig. 1 




A0DA=zTrl2=Z,0DB 


or 


AD^ = OA^^OD' or BD'^OB^~OD^. 

But Oi4 = Ofi = radiu3 of the sphere. /. AD=BD i. e, 
the point D is equidistant from any two points on the 
section which therefore is a circle whose centre D is the 
foot of the perpendicular from the centre of the sphere to 
the plane and whose radius is given by 

AD = y/iOA^-OD^) 

t. e. {(radius of sphere)2-(perp. from centre of sphere 

to the plane)*}^/*. 

Note. It h interesthg to note here that ij the plane passes 

through the centre of the sphere, then clearly OD=0 and raetius of 

the circle ts equal to the radius of the sphere i.e. AD^OA 
whenODc^Oo 
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Spherical Trigonometry 

Great circle and small circle. 


A\’e have proved above 
that the section of a sphere 

by a plane is a circle. If 
the plane cutting the 
sphere passes through 
centre of the sphere 
then the corresponding 
section is called a great 
circle. We have already 
proved above that the 
radius of a great circle is 

the same as that of the i'ig- 2. 

given sphere. Any other plane which does rot pass 

through the centre of a sphere will cut the sphere in a circle 
which is called a small circle whose centre is the foot of 
the perpendicular from the centre of the given sphere to the 
plane which cuts the sphere and whose radius is detei mined 
as explained above. In the figure great circles and small 
' circles are marked by G. C. and S C. respectively. 

3. Number of great circles through two given 
points* 

We know that through any three points not lying in the 
same straight line one and only one plane can be drawn 
and when the three points lie in the same straight line, then 
an infinite number of planes can be drawn. Hence if any 
two given points A and B on the surface of a sphere are 
not the extremities of a diameter i. e. A. B and 0 am not m 
the same straight line, then one and only one great circle can 
be drawn. If however A. B are the e.xtremities of a diameter 
of the sphere i. e. A, B and 0 are in the same straight line. 





Delinilions 



then an infinite number of great circles can be drawn as 
shown below. 



of a sphere. 


The shortest arc joining two points on the surface of 
a sphere should have the least curvature and as such its 
radius should be maximum equal to that of the sphere and 
hence it is the arc of a great circle through these two points. 
Whenever we speak of the arc of a great circle through 
any two points we sliall always take the smaller of the two 
arcs in which the great circle is divided by those two points. 
Thus in the figure above by the arc of the great circle 
through A and B we mean the smaller ihikdined arc AB. 

5. Two great circles bisect 
one another at their points of 
intersection. 

Since the plane of each great 

circle passes through the centre 

hence their line of intersection 

should be a diameter of the sphere 

and therefore a diameter of the two 

great circles. Hence they bisect 
one another. 



t'ig. 4 
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6. The Axis and Pole. 

The axis of any circle, 
great or small, is that diameter 
of the sphere which is perpendi- 
cular to its plane i. e. PQ, 'S the 
axis in the adjoining figure. The 
exiremities of this diameter are 
called the poles of the circles 
whose planes are perpendicular 
to this axis. It is easy to observe 
that in the case of a great circle ^ 

the two poles are equidistant from the plane of the cue 

whereas'n the case of a small circle one of the pt^es > 
nearer than the other from the plane cf the arcle^ Tl^e^ 
poles are termed as nearer pole (or simply pole) and fu.ther 

pole (or nole) respectively. 

7. Properties of poles. 

The distance of a pole from every point on the 
circumference of the circle is same. 

Let P be the pole of a 
small circle whose centre 
is C, and D be any point 
on it. Join CD. Since PC 
is perpendicular to the 
plane of the circle, it is 
perpendicular to every line 
lying in the plane, i e. PC 
is perpendicular to CD. 

* PD^^PC^-pCD^. Now 
PC is the perpendicar 
distance of P from a given 
plane and CD being th- 


c 




0 

/ 


/ 


Fig. fi 
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radius of small circle both are constant ; therefore PD is also 
constant. Hence the distance of P from any point on the 
circumference of a circle is constant. 

Now draw a great circle through P and D ; then since 
chord PD is constant, therefore arc PD of the great circle is 
also constant and equal to angle <f> subtended by the arc of 
the great circle through P an d /) at the centre of the s{)here. 

It is easy to note from here that the distance of the 
pole from any point on the circumference of a great circle 
is a quadrant e. g, if D* be any point on the circumference 
of a great circle whose pole is P, then clearly /.POD'=s7r/2 
or arc PD' — 7t{-2. 

8. Spherical radius. 

Sherical radius of any sntall circle is the arc of the 
great circle intercepted between the nearer pole and any 
point on the small circle. Thus in the fig. the arc PD of 
the great circle is called the spherical radius of the small 
circle. Clearly spherical radius of the great circle is PD* 
which is a quadrant. 

9 * Angular distance. 

The distance between any two points on a sphere is 
measured by the smaller arc of the great circle drawn 
through the two points. This arc is measured by the angle 
it subtends at the centre of the sphere. 

lo. Secondaries. 

All those great circles which pass through the poles 
of a given circle are called secondaries to the given circles 
and clearly secondaries lie in a plane perpendicular to the 
plane of the given circles. 

ir. Spherical angle. 

A spherical angle is the ir.clination of two arcs of great 
circles at their points cf intersection on the surface of a 
sphere. 


G 
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12. Measurement of a spherical angle. 

(a) The spherical angle is the angle between the 
tangents to the arcs at their point of intersection. 

(b) The spherical angle is the angle between the 
planes of the great circles which form the spherical angle. 

(c) The anole betwee:i two great circles {s^^erical angle) \$ 
measured by the arc intercepted by them on the great circle to which 

they are secondaries. 

Refer fig. 7 . PAd, Pl-Q. and PEd are secondaries 

to the great circle AB. 1 he 
angle between PAd ^tid P Dd 
i. e. the angle APD is equal to 
the angle between their planes. 
i.e. the angle between tw’o lines 
drawn in either plane perpendi- 
cular to the common line of 
intersection of the two planes. 

Clearly OP is perpendicular to 
both OA and OD both of which 
are in the planes of the two Fig- 

secondaries and hence Z.AOD is measured by the aiC .4/) 

and is equal to the spherical angle APD. 

13. Jj the arc of the great circles yoining a point P on the 

surface of a sphere with two other points A and D on the sarjace of 
a sphere which are not at opposite extremities of a diameter, be each 

of Hum a quadrant, then Pis the pole of the great circle through 

A and Z). 

Refer fig. 7. Since PA and PD are both quadrants 
hence /_POA and /_POD are right angles i PO is perpen- 
dicular to both OA and OD i. e. PO is perpendicular to the 
plane AOD. Therefore P is the pole of the great circle 

through ..4 and Z>. 

14. If from a point on the surface of a sphere there cm be 
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duawfi two QTCS of cifchs not ports of the sottic gieot cirde, 
the planes of which are at right angles to the plane of a given circle, 
(hat point is the pole of the given circle. 

Refer 6g. 7. 0 is the centre of the siihere and P any 

point on it. Let PD and PE be the tuo arcs ot great circles 
drawn through P wliose planes are perpendicular to the 
great circle AB. Clearly the line of intersection of their 
planes t. e. line PQ, will be perpendicular to the plane of AB 
and as such it is the axis of tlie great ciiclc AB. Therefore 
P is its pole. 

In a similar manner P is the pole of any small circle 
whose plane is p<arallel to that of AB, i. e. perpendicular to 
the planes of PD and PE, 

i«^. The angle subtended at the centre oj the sphere by the 
arc of a great circle which joins the poles of two great circles is equal 
to the inclination of the planes of the great circles. Hence this angle 
is equal to the angle between the great circles. In other words, we 
can say that the angular distance between the poles of two great 
circles is equal to their angle of interstclion. 

Proof. Let CD and CE be 
the arcs of two great circles 
intersecting at C and the poles 
of the great circles through them 
be A and B respectively. Now 
draw a great circle through the 
poles A and B meeting the great 
circles in M and N respectively. 

Since A is the pole of the 
great circle CDM, AC is a 

quadrant. Similarly B is the pole of the great circle CEPf, 
.. BC is a quadrant, Thus both CA and CB are quadrants. 
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Spherical Trigonometry 

Hence by 14, C is the pole of the great circle through A and 

and as such CM and CJV are both quadrants. Hence the 

great circles CDM and CEN are secondaries to the great 

circle AB and therefoie the angle between CDM and CEN is 

measured by the arc of the great cfrcle intercepted by 

them on the great circle to which they are secondaries 

[12 (c)]. Therefore the arc MN measures the angle between 

the great circles. Again AM is a quadrant and BJV is a 
quadrant. 

ADi=AM~BM^BN^BM^MN 

Since arc AB MN, they will subtend equal angles 
at the centre O /. Z.AOB= A^MON. 

Note ; — From above we also conclude that the points 

of intersection of two great circles are the poles of the great 

circle passing through the poles of the given circles, just as 

C is the pole of the great circle (proved above) passing 

through A and B which are the poles of the two great circles 

intersecting at C. Similarly their other point of intersection 

is also the other pole. 

i6. Length of arc of a small circle. 

[Agra 6i, Nagpur 57, 61] 

Let P be the pole of great 
and small circles with centres at 
0 and C respectively. Let ab be 

the arc of a small circle. Through 

P and a and through P and b 

draw great circles meeting the 

great circle with centre 0 in A 

and B respectively. Clearly OP 

is perpendicular to Ca, Cb. OA 
and OB as the planes aCb and Fig- 9. 

AOB are perpendicular to OP. Therefore Ca is parallel to 

OA and cb parallel to OB, 
or Z_aCb^ Z_AOB. 
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arc ab 


arc AB 


or 


' radius Ca radius OA 

arc ab radius Ca radius Cn 

- ♦ ♦ 

arc /45~radiu3 0*-l “radius Oa' 


OA ^Oa 


or 


arc ab . 

^ = 3in POa=co5 AOa = cos Aa = cos <{>, 


arc 


or 


arc ab^arc AB cos ^ 

arc AB^arc ab sec 4 > where <f> is the arc Aa 



17. Spherical triangles. 

Let A, B and C be any three 
points on the surface of a sphere. 

Join AB, BC and CA by arcs of 
the great circles passing through 
them. The figure thus formed 
is called spherical triangle ABC. 

We have already stated that by 
the arc of a great circle we mean 
the lesser arc which is inter- Fig. 10 

cepted between the point through which the circle pusses. 
Therefore only one spherical triangle can be formed by 
jom.ng the points A, B .and C. Also the sides as in plane 
triangle, are denoted by a, A and r and are measured by the 
angles they subtend at the centre of the sphere. It follows 
erefore- that the sides of a splierical triangle are each less 
han two right angles as none of them is greater than a 
semi-crcle. The angle A i.e. Z. BAC is the angle between 
the tangents to the great circles AB and AC drawn from A 
towards B and C respeclively, 

m shall show below thu the ar,gl,s of a spherical triangle can- 
be greater than two right angles. * 


]0 
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Let the triangle ABC be 
formed by arcs AB, BC and 
CEDA having angle ABC 
greater than two right angles. 

I'roduce CB to meet tlie great [) 
circle at D. We know that two 
great circles bisect each other; 
therefore arc CED is a semi- 
circle and as such the arc CEDA pjg^ n 

of the spherical tri ingle is greater than two right angles 
which is contrary to what we have stated above that the 
sides of a spherical triangle are each less than two right 
angles. Hence none of the angles of a spherical triangle 
can be greater than two right angles. 

i8« Polar triangles. 

Let ABC be a given sphe- 
rical triangle and A', B\ C’ be 
the poles of the sides BC, CA, 
and AB respectively. The tri- 
angle formed by joining A', B\ 

C* by great circle arcs is called 
the polar triangle of the given 

triangle which itself is called 
primitive triangle. Now we Fig. 12 

know that there are two poles to each circle and as such 

we can have eight polar triangles. But it is conventional 
to take that pole of a particular side which lies on the 
same side as the opposite angle. In this way we shall 
have only one polar triangle. Thus in the figure above, A , 
B\ C is the polar triangle of the triangle ABC. 

IQ. Reciprocity of polarity. 

IJone tiiangle be the polar triangle of another triangle, then the 
latter will be the polar triangle of the former. 
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Refer fi-. la, B’ is the pole of AC ; /, AB’ is a 
quaJraht. Similarly C' is the pole of AB- AC’ is a 

quadrant ie, both AB and AC' are quadrants and hence 
by re.nilt 11, A i= the pole of B’C. Similarly B and C are 
the poles C A and A'B' Hence proved* 


ao. Relations between the sides and angles of 
polar triangles* 

The sides and the angles of a polar triangle are re spci lively 
supplements of the angles and sides of the primitive triangle. 

^Refer fig, 12 . Let ABC be a spherical triangle and 
be the corresponding polar triangle. Again let /IB 
and AC meet B’C (produced if necessary) in D and £ res- 
pectively. Now we know that angle between two gieat 
circles is measured by the arc ititercepted by them on a 
great circle to which they are secondaries [1^ ]-2 (c)] Here A 
is the pole of B’C' ; therefore the angle between AB and AC 

1 e, ^A^mc DE which these circles intercept on the cir:le 
B’C’ to which they are secondaries. 

• • Arc DE^ ^ ^ 

Again B' is the pole of CA ; . 

C' is tlie pole of AB ■ C'i) = 77/2 • 

tt 

£'£+C'£-t-Z)£=:7r or B'C'A-DE^tt 

B'C’-h/_A==7r or B'C' = 7r~A [by (1)] 
a'=^7r-A, and similarly 6' = 7T-Band c' = 7 r-C. 

Again ABC is the polar triangle of A’B'C' ; 

a:^7r — A', b~TT — B’ and c = 7 t-C' ; 

.% A'^TT^a, B’=7T-bzud. C'=7r-c.' 

Above relation sbosvs that in the case of pol.ar trla,. files 
sides are supplements of the angles whereas the angles are 
the supplements of the sides of the given tiiangle. 


or 

or 

or 
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ai. Duality of theorem relating to spherical 
triangle* 

If any relation holds good between the sides and angles of a 
spherical triangle, then the relation obtained by changing the sides 
into supplements of the angles and angles into supplements of the sides 

will also hold good. 

Any relation between the sides and angles a, b, c, 
A, B, C of a given triangle ABC will also be true bet- 
ween the sides and angles a', c\ A\ B\ C of the polar 
triangle A'B'C\ Now we know that A'^n-a and a'^rr-A 
etc. Hence the new relation obtained will be true. 

22. Some properties of spherical triangles. 

(a) Any two sides of a spherical triangle are together less than 
the third side. 

By the arc of a great circle we mean the shorter 
arc of the great circle into which it is divided by the two 
points which are the extremities of the arc. Thus the arc 
AB is the shortest distance between the points ^ and 5 

and is therefore less than BCA-CA. 

(b) The sum of the three sides qf a spherical triangle is less 

than the circumference of a griat circle i e. 360 , 

Produce the sides BA and 

BC to meet at B\ 

•. BAB'==BCB'^m° 
as two great circles bisect 
each other. Now from A'db'C 
we know by (a) that 

AB'A-CB' > AC. 

Add BAA-BC to both sides. 

{BA + ^B')-\-{BCA-CB') > ba + bca-ac 

BAB'A-BCB' > ABA-BCA^CA 

jg0-l-l80 > i + f or fl + 6-l-c < 360®. 



or 

or 
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(c) The sum of ths three angles of a spherical triangle 
greater than two ri^ht o'lgles but less than six right angles. 

We know that each of the angles of a S[)herical triangle 
is less than tt; hence B-f-C < ott i. e. < six right angles. 

Again if a\ b\ c' be the sides of a polar triangle, then 

a'-\-b' + c* < 'Irr fby (b)] 

or TT — A + tt - B-\-7t -C < or IT a A + il + C 

or /l+£ + C > TT i. e. two right angles. 

(d) The angles at the base of an isosceles triangle are 
equal. 

(e) The sides opposite to equal angles of a spherical 
triangle are equal. 

(f) The side opposite to the greater angle of a spheri- 
cal triangle is greater than the side opposite to the smaller 
angle. 

(g) The angle opposite to the greater side of a spheri- 
cal triangle is greater than the angle opposite to the smaller 
side. 

(h) Two triangles drawn on a sphere are said to be 
congruent when they have similar curvatures, and also 

(i) Two sides and the included angle of one are respec- 
tively equal to the two sides and the included angle 
of the other, or 

(ii) If the three sides of one are. respectively equal 
to the three sides of the other, or 

(iii) If a side and the adjacent angles of one are respec- 
tively equal to the side and the adjacent angle 
of the other, or 

(iv) When the three angles of one are respectively 
equal to the angles of the other. 


CHAPTER II 

FUNDAMENTAL FORMUL.® 


Formulse involving sides and angles of a spherical 
triangle. 

I, The cosine formula. To find the value of cosine 
of an angle of a spherical triangle in terms of cosines and sines of 
the sides. (Bombay 6t) 


Let AB, BC and 
CA be the arcs of a 
great circle whose 
centre is 0, iluis 
forming a spherical 
triangle ABC. We 
know that the sides 
of a spherical tri- 
angle arc measured 
by the angles subten- 
ded by them at the 
centre. 





/_BOC^a, l_AOB = c and COA = b. 

Again we know that angle between two curves is the 
angle between the tangents to them at their common point 
of intersection. Hence if AE and AD be the tangents to 
the great ciicle arcs AC and AB containing the angle ^ 
and meeting OC and OB produced respectively in E and D, 
then /LOAE==/LA. We have here assumed that the sides 
containing the angle A are each less than w/2. for otherwise 
the construction will fail as the tangents at A will not meet 

OC and OB produced. 
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/. /_EOD = /_BOC^a, /_AOD = /^AOB=c, 

/_AOE^l_AOC = b. 

Now from plane triangles DEO and DEA we get by 
cosine formula, 

a~—b"A-c- — Q.hc cos A. 

DE^==0D'^-{-0E'^-20D.0E co> a [from A MOj.-.d) 
and DE'^^AD^A-AE~ — 2AD.AF. cos A. [from A DEA], , 

Now we know that angle between a tangent and the 
radius is a right angle. 

/LOAD=7Tf-2 or OD^^OA^-\-AD^ ...(3) 

/_OAE^7t}2 cr 0E^ = 0A^A-AE^ . ..(4) 

Subtracting (1) and (2), we get 

0 ==(Oi) 2 _ aD^)-\-{OE ^ - AE^) - 20D OF.cos a 

A-2AD AE CCS A 

or 20D.0E.cos a = 0^^ + 0.(4--l-2^/).w4£ cos A 

[by (3) and (4)j. 


Cancelling (2) and dividing by OD.OE, we get 

OA OA AD AE 


cos a = 


OD'OE'^ OE'OE 

From right-angled triangles OAD and OAE^ we have 

OA . AD . OA , , AE 

Qjj=^cos c and ;^-7^=sin c, b and 77^=310 b.,.[(j) 


r, cos A 


. . .(5) 


00 


OE 


OE 


Hence from (5) with the help of (G), we have 

cos a = cos b cos c-hsin b sin c cos A . . .(7) 


Similarly we can prove that 


and 


cos b=sco$ c cos a-bsin c sin a cos B 
cos c=cos a cos b-f-sin a sin b cos C 


...( 8 ) 


A careful look on the three formulae will help the students in 
easily remanbering the above formulae which are very widely used in 
Spherical Trigonometry and Astronomy, 



Spherical Trigonometry 


Another form. 

Tlie above three formulae can be written in another 
form as below : — 

. cos a — cos b cos c ,, /mi 

cos A=* ^ — r—; [from (7)] . . .(10) 

sin b sxn c 

^ cos b — cos c cos a r, q , 

cos B = ; : [from (8)J ...(ia; 

sin c sm a 

cos c - cos a cos b , , 

cos C= — WJ • • -(12) 


...( 11 ) 


...( 12 ) 


Note. We have while proving the above formula 
assumed that the sides containing the angle A are each less 
than ttI’I Now we shall show that whatever the sides may 

be the above formula is true. 

Case I. The side AB containing the angle is 
greater than ttJz, 

Produce BA and BC ^ 

to meet at B' where ^ 

AB'^7t~c which /3'<^ A 

is less than 7r/2 as c is 

greater than nj'}. ' ^ 

The side i4C is already Fig 15 

assumed to be less than njl. 

Also CB'=^rr-a and AC^n - A. 

Now in spherical triangle B^AC the sides containing the 
angle B’AC i.e. tt-A are each less than 7r/2 and hence we 

have by cosine formula, 

cos (ir-0)=c03 b cos (7r-c)+sin b sin (tt-Ocos 

or —cos a = — cos b cos c-sin b sin c cos A 

or cos fl^cos b cos c+sin b sin c cuS A 

which proves (7). 
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Case II. Both the sides AB and AC containing the 
angle A are greater than Tr/a. 

In the case produce AB and AC to 
meet at A'. 

/_CA*B — A and CA'^n-b 
which is less than w/’i as b is greater 
than nJ2 and similarly BA'^n~c is less 
than ‘TTf2. 

Now in spherical triangle BA'C the 
sides containing the angle A at A* are 
each less than 7r/2 and hence we have 
b) cosine formula 

cos a s= cos [n - b) cos (n - c) 

+ sin {7r~b) sin {n — c) cos A 

or cos a=cos b cos c+sin b sin c cos A 
which proves (7). 

§ a. Supplemental Cosine Formula^ 

value of cosine of the side of a spherical triangle in terms' of 'cosines 
cud s,nes of the angle. (Nagpur 56) 

1 ^ u triangle ABC and its polar tri- 

ang e be A B C ; then we have already proved that the 
sides and the angles of a triangle are supplements of the 
angles and the sides of the corresponding polar triangle. 

A'=n-a, B'=n-b, C' = -n-c 

'‘'‘t a'=Tr~A, b’^n-B, c'=n-C 

cos <i'=cos y cos c'+sin i'sin c' cos A* fS i r 71 

cos {7r-/)=cos (tt-B) cos (tt-C) * ^ 

+sm {7r-5)sm (ff-Ocosf7r-,ii 
-cos ^=(-cos Bi (-cos C)+Sin B sin C(-\os a) 

cos A- -cos B cos c + sin B sin C cos a. . . .(i) 


To find the 


or 


or 
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Similarly we can say that 

cos B=-cos C cos A + sin C sin A cos b, . . .(2) 
cos C= — cos A cos B-f-sin A sin B cos c. . . .( 3 ) 
The above three formulae are quite similar to formulat 
J^os. 7, 8 and 9 o/§ 7, except minus sign with the first term in 

R H S. 

Another Form. 


The above formulae can be written in another form 
as below : — 


cos A+cos B cos 

cos a=. y , — 

sin B sin 6 

C 

from (1) 

...(4) 

, cos B+cos C cos 
cos ^ ^ ^ 

sin C sm A 

A 

from (2) 

...(5) 

cos C ^cos A cos 

B 

from (3) 

.. (C) 

COS C A . wy ^ 

sin A sin B 



They are quite similar to formulae Nos. 10, JJ,I2of%l, 
except that here we have plus sign in the numerator and there we 
had minus sign. 

§ 3* Sine Formula. To prove that the sines oj the 
angles of a spherical triangle are proportional to the sines of the 
opposite sides, i. e, 

sin A sin B sin C 

sin a“sin b^sin c* (Utkal 57) 

Note the similarity of this formula with the corres- 
ponding sine formula of plane trigonometry which states that 

sin A sin B sin C 
a b c 


Proof- We have proved in § 1 result 10 that 

cos a —cos b cos c 


cos A = 


• « 


sin 


As*! — cos* A= I — 


sin h sin c 

(cos a — cos b cos rl* 


sin* b sin* c 
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or sin^ 


or 


(1-cos® fc) (1-cos® c)— (cos® a+cos® b cos® c 

— 2 cos a cos b cos c) 


sin® b 


sin® c 


( 1 - 


sin® A=: 


cos® i — cos® c-fcos® b cos® c) — (cos® a 
+CC5® b cos® c — 2 cos a cos b cos c) 


sin® b sin* c 


or 


. (1 - cos® a - cos® b - cos® c-\- 2 cos a cos b cos c)^/® 

sm Ass : — 

sm 0 sin c 


We have taken only H-ive sign with the radical as we 
know that the angles and the sides of a spherical triangle 
are each less than two right angles and as such sin A, sin b 
and sin c are all +ive. 


, s\o A (1 — cos® fl — cos® 6 -cos® cA-2 cos a cos b cos c)*'® 
sin a ” sin a sin b sin c 


The symmetry of the result shows that 

sin A sin B sin C 
sin a “sin b“sin c 


(i-cos® a-cos® b-cos® c + g cos a co s b cos c)*'® 

sin a sin b sin c 


Note. The expression 

I -cos® a-cos® b-cos® c-f 2 cos a cos b cos c=4n®, 

• sin A sin B sin C 2n 

sin a sin b sin c ~sin a sin b sin^* 

In determinant form, 




U 


cos c 


cos c cos b 


cos a 


cos b cos a 1 

§ 4. Formula for half angle. To find the value of sine 

conne and tangent of half an angle of the spherical triangle in term^ 
oj junctions of the sides. 
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We have already proved in ^ 1 Result 10 that 

. cos a — cos b cos c 

cos A = ^ ; . 

sm 0 sm c 

Now we know that 

2 sin^ AI2 = 1 — cos A 
cos a — cos b cos c 
sin b sin c 


or 

2 sin® 

A 

2 “ 

or 

2 sin® 

A 

■2 “ 

or 

2 sin® 

A 

2 " 

or 

2 sin® 

11 


sin b sin c 


sin b sin c 


- . . a-bA-c 

2 sm — — sin - 


2 


and then 
and 


sin b sm c 

If we take that 2j=a+^H-c 

aA~b-c==a-{‘b4-c-‘2c=^2 

a^c-b^a+b-\-c-2b^2 is~b) ; 

j A sin sin ^c ) 

sin b sin c 

sin (s — b) sin (s - c) 


sm* -7r== 


or 


sm 


n/[ 


] 


• K • r* • • *(1) 

2 V L ^ 

Note. We have taken the +ive sign with the radical 
as we know that A is less than two right angles i. e. Ajl is 
less than a right angle and hence its sine, cosine and tangent 

are all H-ive. 

Again we know that 

2 cos^ Aj2 = 1 +COS A 


or 


or 


2 cos® — — 1+ 


cos 0 — cos b cos c 


2 cos® ^ * 


•2 ' sin b sin c 

A cos a -(cos b cos c — sin b sin c) 
'o * sin b sin c 
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2 cos2 — = cos a -cos (fc+g) 

2 sin 6 sin c 

^ 2sm-2-sm-^ 

2 cos^ — = ■■» ^ 

^ cin A Qin i- 


* A 

cos* 


cos 


sin d sin c 
sin ^.sin (5-a) 
sin b sin c 


VI 


tan 

ft » 


V[ 


..(• 2 ) 

(Nagpur 58) 


a cos A/a V |_ sin s.siu (s-a) J** 
Also we know that 

sin A=2 sin Aji cos Aji and from (1) and (2), we get 


sin A 


■■ sin (®-“) sin (s-b) sin(s-c)J 

or iiq_^_ sin C 

sin a sin b “sin c 

2 

~sin a sin b sine ’ ^ sin (j-fi) sin (f *ejJ 

^ ^ 

sin a sin b sin c 

where n»=sin s sin (s -a) sin (s-b) sin (s-c) 

and n is called the norm of the sides of a spherical 
triangle. 

Note. Equating the values of n* from 8 3 Note P 19 
above, we get 

4 sin i sin is - a) sin (s - b) sin (j - c) 

= l-cos* a-cos* 6-cos* e+2 cos a cos b cos e. 

§ 5 . Formula for half a side. To find Ike value of sine 

r;: "" '"• ‘r- •; 

(Agra 57) 
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or 


or 


or 


or 


We have already proved in § 2 result 4 that 

cos ^H-cos B cos C 


cos d 


sin B sin C 


Now we know that 2 sin* fl/2*l — cos a 

^ „ a , cos i4 + cos 5 cos C 

2 sin* TT— 1- ^ — v>T- — n 

2 sin B sin C 


a 


2 sin* *2 = - 

2 sin* — 


( cos B cos C — sin B sin C)+co5 A 

sin B sin C 

cos (B+O+cos A 
sin ^ sin C 

A+B+C B+C-A 
2 cos — — cos - 


2 sin* 


2 


Let £+C+^ = 25; 




sin 


a 


vs 


sin B sin C 

B+C-^=2 (5- a 
cos 5. cos (5-^) 


sin B sin C 


1- 


... 0 ) 


or 


or 


or 


Again 2 cos* |-=l+cos d 


n ros i4+cos 5 cos C 

2 cos* — = 1+ — 


sin B sin C 


a cos ^+(cos B cos C-l-sin B sin C) 
2 cos* 


sin B sin C 


2 cos* 7r= 


cos .<4+ cos (B-C) 


sin B sin C 


or 


or 


A + B-C a^b+c 

2 cos .cos — 


o ^ 

2 cos* 


2 


cos 


VI 


sin B sin C 

cos (5-B) cos jS-C ) I ^ ^ 3 j 


sin B sin C 
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sin 


a 


• m 


tan 


cos — 
*} 


V( 


cos 5 cos (S — A) 
cos ^6' — B) cos (6 


— "l (‘ 


(3) 


Note. Carefully compare the form for the value of 


sin — and cos and also of cos ~ and sin 
^ z 2 ‘2 


Again sin d=2 sin cos and from fl) and (2), we get 


sin a=- 


S cos (S - ^) cos (.V - B) cos (S - C)]. 


(Agra 6o) 

• s>5_a __sinb_sin c _ aN 

sin A sin B sin G sin A sin B sin C 

where JV^^-cos S cos (5-/1) cos {S-B) cos t5-C). 

Here A/" is called the norm of the angles of a spherical 
triangle. 


§ 6. Sine-cosine formula. 

and two angles of a spherical triangle. 

We are going to establish 
the following relation between 
the five elements of the spheri- 
cal triangle, namely, three sides 
and two angles. The way in 
which this formula is written 
should be clearly understood. 
The five elements have been 
numbered which will help the 
students to remember 
formula ; 
sin c 


Relation between three sides 

(Vikram 59, Bombay 6x) 


A 



the Fig, 17 

while reading it you should look to the figure 

COS Q s sin (2 h 

^ sin a cosf. - cos a sin ^ cos C 
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We can also say that 



sin c 

cos A 

= sin 

b 

cos a — 

cos b 

sin a 

cos 

C 

cr 

sin b 

6 

cos C 

4 

— sin 

3 

a 

cos c — 

1 

cos a 
a 

sin c 

i 

cos 

2 

B 

cr 

sin b 

cos A 

c 

11 

c 

cos a — 

cos c 

sin a 

cos 

B 


Proof. We shall here prove the first formula, i.e, 

sin c cos sin a cos b — cos a sin b cos G. 
ist Method. Produce BC to D such that BC=7tI'2 ; 

CZ)=7r/-2-a. 

Join AD. Now we shall equate the values of cos AD 
from the triangles ABD and ACD by using fcj 1, Result 7. 
cos AD^cos c cos 90+sin c sin 90 cos B 
=sin c cos B [from A ABD], 

cos AD^cos b cos (7r/2 — a) 

+ sin b sin (jr/2— i*) cos (n — C) [from A ACD], 

= sin a cos i — cos a sin b cos C 
Equating the values of cos AD, we get 
sin c cos B=sin a cos b-cos a sin b cos C 
which proves the result. 


snd Method. 

cos c=cos a cos i+sin o sin b cos C, 
and cos f>=cos c cos c+sin c sin flcos B. 

In the formula to be proved we do not require 


...( 1 ) 

...( 2 ) 
cos c. 


Hence putting the value of cos c from (1) in (2), 

CO? b^cos a (cos a cos /?+sin a sin b cos O+sm c sin a cos ; 
* cos b (l-cos® fl)=sin a cos a sin b cos C 

•* ' -i-sin c sin fl cos 


% 

Cancel sin a throughout. 

cos b sin fl=cos a sin b cos C+sin c cos B ; 

sin r cos B=sin a cos b-ccs a sin b cos C. 

Hence proved. 

8 7. Supplemental sine cosine formula. 

Let there be a spherical triangle .45C and its polar 
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triangle be A\ C'; then as in § 2, /l' = 7r-a etc., and 
a*=sTT — A. 

I Now applying sine cosine formula to polar triangie 

A*B'C\ we have 

sin c' cos i?'=sin a' cos — cos a' sin b' cos C' 
or sin (tt - C) cos {ir-i))=sin (w — /I) cos (tt-B) 

— cos (’T — A) sin (tt — L’) cos {yr — c) 

or -sin C cos -sin A cos 5 — cos A sin B cos c 

or sin C cos sin A cos ^H-cos A sin B cos c. 

The form of the above formula is same as in § b except 
that there is a -five sign in R.H.S. whereas is § G there 
was — ive sign. The way to remember this is same as in § b. 

§ 8. The cotangent formula. Relation between two sides, 
included angle and another angle, i e. relation between consecutive 
four elements of a spherical triangle, 

[Uthal 56, 59, Bombay 61, Nagpur 57, 61] 

Let us take the four A 

consecutive elements a, 

C, b and A, The side 6 
which comes between 
the two angles will be 
termed as inner side 
and the side a as other d 
side. Similarly the 
angle C which comes 
between two sides will Fig. 18 

be termed as inner angle, and the angle A as other angle 
and we shall prove now that 

cos (inner side) cos (inner angle) 

=sin (inner side) cot (other side) 
-sin (inner angle) cot (other angle) 
M. COS b cos sin b cot a - sin C cot A. 
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Proof. 

cos fl=cos b cos c-hsin b sin c cos A. . . .(1) 

[§1R. 4], 

cos c=cos a cos />+sin a sin b cos C 
. Sin ^ y-i ro Q-\ 

In the formula to be proved we do not want the ele- 
ment c. Hence putting the values of cos c and sin c in (1), 

we get 

cos a— cos b (cos a cos 6 + sin a sin b cos C) 

4-sin b cos A ,—. — ^ sin C. 
^ sin A 


or 


cos a (1- cos^ i)=sin a sin b cos b cos C 

4*sin a sin b cot A sin C 

Dividing throughout by sin a sin b, we get 
cot a sin 6— cos b cos C-j-cot A sin C 

cos b cos C = sin b cot a-sin C cot A. 

^ 9, Napier’s Analogies : 

a - b 

« cos 
A±B 

2 


tan 


cos 


2 ^ C 

— — - cot — 
a-Pb 2 


...( 1 ) 


tan 


A-B 


[Utkal 56, Vikram 59 * 
a — b 

...(• 2 ) 


sin 


sin 


2 ^ C 

cot — 

a-l-b 2 


A-B 


tan 


a+b 


cos 



...(3) 


cos 


Utkal 54) 
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sm 


A-B 


a - b 2 c 

tan „taa — 

sin 

2 


...(4) 


It is (Qsy 10 obstrve that when we have got ium t, e. 
and tan i>i the then, ue get cosine in the 

R,H.S ; when wc have dijjerencs i.e. tan — ~ and tan in the 
l.H.S. then we get sine in the R.H.S. Resiili (2) iJ analogous with th 
result oj plane trigonometry i.e. tan ^ — - cot f . 

I ^ Z 2 * 


Proof, xst Method. 


(5-C) 


and 



] [§ 4. R. -2] 


. C sin U- 6) 
tan - tan — = — 

* 2. Sin s 


B 


Similarly tan ^ tan ^ = 


C sin U- a) 


sm s 


and 


B sin(^-c). 
tan ^ tan - ^ ^ 

2 2 sin s 

Now tan tan ^ <tan Aji+tan Bji) 

2 2 1~ tan A\-2 tan B/2 


, C 
tan ^ 

sin (s-b) sm fJ- a) 
sin 5 sin f sin (-t-fcl+sin 


1 - 


sin (J- c) 


sm j-sin (j-c) 


A^B C 

or tan tan^= 


sin s 
o 


2 sin — cos 


cos 


a^b 


2 sin cos 


aOfb' 

2“- 

[V 2f=a+i+cl 
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• • 


tan 


^4 5 


a — b 

cos — - 


cos 


— r -7 cot which proves (1). 
a+b 2 


2 


Similarly we can prove the result (2). 
Again we know that 

— cos S cos (5 — i4) 


tan 




cos (5 — B) cos (6^ 


[§ 5 Result 3] 


a c 

tan cot - 


Vf. 


— cos S cos {S — A) 


cos (5 — B) cos (5 
cos (5- i4) 
cos (6' — C)* 


.ivi 


cos (5- A) cos iS-B) 


and 


. b . c cosf5-B) 

Similarly tan -g- cot -2=cos(S-CF 

a b ~ co s S 

tan g- ‘an ^=cost5-C)' 

a b 
tan -- +tan-^ 


T , <2-4-6 . c 

Now tan cot 


<2 


1- tan tan 


b T 


or 


cos (5-.4) . cos (S-B) ^ ^ 

cos (5^Crcos (5-C) co s (5-^)-fcos (S^B) 

“ cos^’ ™ cos (5-C)-}-cos 5 

^"^cos i,S— C) 

•25-/4- B / 4-g 

2 cos o ~ 

<2 + 6 . 

tan cot 5-C-5 


2 cos 


cos 


5 — C+5 


2 


— cos 


2 




cos 


i4+B- 
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A + B-\-C = ^S, 
A-B 


. a’\-b 

tan — 7- = 
2 


cos 


cos 


A + B^^^ i' 




Similarly we can prove that 


tan 


a — b 


sm 


A-B 

0 . 


. A+B y 


sm 


0 


Note. The results Nos. 3 and 1 can also be proved by 
replacing the angles by the supplements of sides and sides 
by supplements of angles in results Nos. 1 and 2. 

Alternative Method. 


tan 


A+B 


sin 


A + B 


2 cos 


A-B 


sin i4 + sin B 


COS^' 2cos^- cos ^ + cos B 




Now sin ^-f-sin B— /r(sin a-fsin b) [by sine formula (1)] 

cos A = — cos B cos C+sin B sin C cos a. [g 2 (1)] 

cos £= -cos C cos ^+sin C sin A cos b, 

(cos i4+cos B)= — cos C (cos A-l-cos B) 

+sin C [K sin b cos a+K sin a cos b], 
(cos .4+cos B) (1+cos C)=sin C.K'sin {a+b), 

cosA+cosB=^J^s\nia+b) 


_ ^ “ 2 2 

7^ — sm (a+6) 

2 cos* 4 


• • 


iv tan sin 

4M 


f 
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and 


Now put for sin ^-f-sin B and cos ^-f-cos B in (1), 
d + B _ K (sin a + sin b) 


tan 


2 C 

K.ian sinia+b) 


= cot 


- . <2 + 6 < 2-6 
C 2 sm cos 


^ . <2 + 6 <2 + 6* 
2 sin — cos — 


tan 


d+B_ 


cos 




cos 


fl — 6 

2 ‘ 


Similarly we can prove the other analogies, 

g lo. Delambre’s Analogies. 

, A + B 


-b 


SID 


COS 


sin 


cos 


. A-B . a-b 
sin — sin — - — 


cos 


sin 


cos 


2 

A+B 


cos 


2 

a+b 


sin 


cos 


cos 


A-b . a+b 


sin 


C 


sin 


sin 


...CD 

(Nagpur 6i) 

...( 2 ) 


...(3) 


...(4) 


(Utkal 54, Nagpur 56, 57) 


: d+B 


sin 


0 


^sin 


2 2 


B A . B 

+COS sin "2 • 
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vr 


sin (i -b) sin 


sin b sin c 


+ 


n/[ 


sin s 
sin 


_r sin U-fc) , sin (j-a ) 
“L sin c '' sin c 


]n/[ 


(s-b) 


1 


in a sin c 

— a) sin (J — c) 
iin c sin c 


] 


-c) 


] 


2s—a~b a-b 
2 sin ;; cos 


.. . c c 

2 sin cos — 

2 2 

A-\-B a^b 

sin — ^ — cos — r- 


2 C 
— cos - 


o 


o 


cos 


• « 


cos — 
2 


2s=^a-j-b+c. 


i. e. 


Similarly we can prove the other results. 

Exercise t 

I. (a) If D be the middle point of AB, show that 
<os AC-\-cos BC=2 cos (AB(2) cos CD, 
cos a-{-cos b=2 cos (cf2) cos CD. 

T • ^ ^ (Dacca 51 , Agra rc) 

Join C and D and let f_ADC ^ ^ 

= a, so that Z.MC = 7r-a. Now 

applying cosine formula on 

triangles ACD and BCD, we get 

AD=BD—c12 as D is mid point 
of AB. 

cos 6= cos (r/2) cos CD 

+sin (c/2) sin CD cos a 
and cos a=cos (c/2) cos CD 


Adding, we get 

cos a+cos 6 = 2 cos tf/2' cos CD, 



cos (tt — a) =s — cos 


oc. 
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(b) If two sides of a spherical triangle be supfUmentary, 
prove that the median passing through their intersection is a 
quadrant. 

Let U 3 choose that AC and BC are suplementary so 
that a-\-b= 7 T and we have to prove that the median parsing 
through their i ntersection C, i. e. 

co 3 ^i + c,>si» = 2co3 (c/-2) cos CD Iby part (a)]. 

But cos a = co 3 (7r-6)=-cos b or ccs a-fcos ^ = 0. 

2 cos (c/2) cos CZ)=0 or cos CZ)=0. 

C D^rrj'l. 

Note, cos (c/2) cannot be zero for in that case c/2=77/2 
or c=7r which is not possible. 

We have proved above that C/>=^r/2 when a-^b^^n 

(given). . , 

• a + i = 2C/; showing that CZ) is the arithmetic mean 

of AC and BC, i. e. CA, CD and CB are in arithmetical 
progression. 

Another form. . - , . • 

If D be the middle point of the base AB of a sphencol tnangle 

ABC and CA, CD and CB be in arithmetical progress, on, show 

that CD is a quadrant. 

IVe are siven that 2CD^a^b. 

(c) If one angle of a spherical triangle be equal to the sumj 

,he other two, the greater side is double of the distance o^^dU 

point from the vertex, u trt nrove 

^ *v,«f r—A-^R and w’e have to prove 

T et us suppose that C A-r oc'n 

that greater side AB is double of median CD i. r. — 

We have proved in part (a) that 

cos a+cos 6=2 cos (r/2) cos CD. • • -U 

Again cos a = cos b cos c+sin b sin r cos^^^^^^ 

cos 6=cos r cos a+sin r sin a cos B. 
cos a+cos ^=cosj^(-V + “j B+cos ^ sin B], 



Fundamental Formulae 


33 


sin a sin b sin c 

sin i4“slrr^“surc“'^ 

/. (cos a + cos 6)(l-cos c>=ssin^:,/r iin [A-\-D) 

=sin c.K sin C, 

V A-\-B=C given 

or 2 cos (f/-2) cos CZ).(1 -cos c)=sin2 c=] -cos* c 

[by (1) and (2)] 

or 2 cos (r/‘2) cos CD=]+cos c=2 cos* f/2. 

cos CZ)=cos f/2 or CD=cf2= ABf-2. 

.. 2 .CD~AB, Hence proved. 

Alternative Method. 



Fig. 20 

We are given that + Through C draw 

CD such that /_ACD — ; therelore ^DCD=B. Hence 

we have ^Z)=CD and BD=CD, showing that/) is mid. 

point of AB and also iCD^ADA-BD^^AB. Hence proved. 

(d) IfC = A+B, prove that the middle point of AB is equi 
distant from the three vertices of the triangle ABC, 

(di) // D be any point BC, prove that 

(i) cos AD sin BC=cos AB sin CD+cos AC sin BD 

(Nagpur 56. Utkal 5a. Agra 60, Delhi 60, Jubalp’ur 60) 

(»; cot AD s,n A^cotc sin DAC-^-cot b sin BAD. 

(Agra 57, Delhi 60) 



spherical Trigonometry 



(i) Let us choose that /_BDA 
= a, so that /_CDAi=7r — tx.. 
cos AB=‘iCos BD cos AD 

-fsin BD sin AD cos-a. . .(1) 

cos AC = cos CD cos AD 
-fsin CD sin AD cos {n — a).. .(2) 

In order to eliminate a we 
multiply (1) by sin CD and (2) by 
sin BD and add. 

/. cos AB sin CjD-fcos AC sin BD 

— cos AD (sin CD cos BD-{-cos CD sin BD) 

= cos AD sin (CZ)-f B£)l = cos AD sin BC. 

(ii) l.et /_BAD^e and /.DAC^i*, so that e-\-<l>==A. 
Since the relation to be proved involves cotangent, we 
apply the formula of consecutive four on A*? ABD and ADC 
which is cos (inner side).crs (inner angle) 

= sin (inner side) cot (other s-de) 

-sin (inner angle) cot (other angle). 

Tn A^BD choosing the consecutive four elements to be 
AB, 0, AD and a, where 0 is the inner angle and AD the 



C 


Fig. 21 


inner side, 

cos AD cos e=sin AD cot ^B-sin 6 cot o . . (3) 

[from 

and cos AD cos ^=sin AD cot ^C-sin ^ cot 

[from A^C^^J 

In order to eliminate «, multiply (3) by sin <f> and (4) by 

sin e and add, keeping in view that cot (7r-a)= cot a. 

• cos AD [sin 4* cos 5-f cos 4> 

cin AD (sin <f> cot i45-f sin 0 cot AC) 
rot AD sin (0 + 0)=cot c sin DAC-^coi b sin DAB 

" o AD in ^=C0t r sin £)^C-+cot i sin DAB. 
or cot SM Hence proved. 
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2, (a) In a spherical triangle ABCj if B be the arc bisecting 
(he angle A and terminated by the opposite side, prove that 


2 cot 6 cos ^cot bA^cot c. 


(Benares 57, Sagar 52) 

Let ^BDA=ct. so that /_ADC 
=Tr — a. Since the relation to be 
proved involves cotangent, let us 
apply the formula of consecutive 
four as explained in last question 
on triangles ABD and ACD. 

The four consecutive elements to 
be chosen are marked in the 
figure and AD=d. 

A /I 

cos B cos sin 6 cotc — sin — cot a from ^ABD, 

and cos B cos -j =sin B cot A-sin ~ cot (w-a) from l\ACD 
Adding, we get 

2 cos 0 cos Y=sin 6 (cot f>+cot c\ 

V cot {7r-a)= -cot a 



or 


2 cot B cos — =cot 6+cot c. 


Proved. 


(b) In a spherical triangle, if 6 , ^ if be the arcs bisecting 

the angles A, B, C respectively and terminated by the opposite sides, 
show that 

^4 Ti 

cot 6 cos “2 +«/ ^ cos ~ A-cot tf/ cos 

— co/ a’\‘Cot 'b-{-cot c, 

(Agra 50, Gorakhpur 60, Gujarat 56, Utkal 56, 59, 

Nagpur 56, 61, Lucknow 52) 
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Write three similar relations as in part (a) and add. 

(c) In 0 spherical triangle if 8 be the arc of external bisector 
of l^A and ttrviinated by opposite side, prove that 

2 cot Sj sin ~ t^cot b-cot c. 

Let AD be external 
bisector of angle A which 
is perpendicular to AE 
the internal bisector. 

A /,DAC^dO-AI2 
and Z_DAB=00-\-A!2. 

Let /_BDA=^ol. 

Applying the formula Fig. 23 

of consecutive four on triangles DAC and DAB^ we get 

cos Sj cos t90-^/2)=sin cot — sin (90 — ^/2) cot a 

from AB>AC 

cos Sj’cos t90 + ^/ 2 ) = sin Sj cot c — sin (90+i^/-2) cot a 

from ^DAB. 

Subtracting, keeping in view that cos (CO+/4/2) 
- sin Aj2, we get 

or 2 cos Sj sin AI2^s'ui 8^ (cot b ■ cot c) 

2 cot 8 i sin Af2=cot b — cot c, 

(d) In a spherical triangle if Sj, Sg, 8 g be the arcs of the 
external bisectors of the angles A, B and C of a spherical triangle 
ABC and terminated by the opposite sides, prove that 

cot 8 i sin A\2-k-cot 82 sin B{2-\-cot 83 sin CI2^0. (Nagpur 57 ) 
Write three relations as is part (c) and add. 

(e) If AX and AY be the internal and external bisectors of A, 

which is a right angle, prove that 

cot^ AX-^-cot^ AX=cot^ b^cot^ c. 

(DehU 59, Benares 48) 

Since /.A ^7 t/*2 , d/2— w/l; sin d/2=cos d/2 = lV2. 
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Hence from parts (a) and (c), we get 

2 cot ^J^.cos 7r/4sscot 6 + cot c 
and 2 cot AT sin 7r/4=cot 6— cot c. 

Squaring and adding, 

4 (cot* ^A’’4-cot* AT).\ = ^ (cot* 6 + col* c) etc. 

(f) If a. and /8 denote the angles which the internal and external 
bisectors of angle A moke with the side BC, show that 

2 (OS {Af2) cos a— cos B — cos C, 

2sinXAI2) cos {d=€os B-{-cos C, 

The relations to be 
proved involve all the 
angles; we use the formula 
of supplemental cosines 
[§ 2 ]. 

i.e. cos A'ss — cos B cos C 

-j-sin B sin C cos a 


or cos a — 


cos 4-cos B cos C 





Fig. 24 

As ABE and ACE 


sin is sin C 

Applying the above formula on 
and equating the values of cos AE, we get 

cos B 4 -C 03 A{'2 cos (tt — g) cos C+cos A 12 cos a 
sin Af l sin (w-ot) 


=cos AE 


sin AI2 sin « 
cos (ff — a)« —cos a and sin (tt — a)s=sin «, 
cos B-cos (^/d) cos a=cos C+cos {AI2) cos a. 

2 cos (i4/-2) cos a=ico3 B — cos C 
which proved first part. 

Similarly applying the same formula on As ACD and 
ABD and equating the values of cos AD^ we get 
cos (tt-O+cos ( 90 - A } 2 ) cos (tt-B) 


sin (90 -^/2) sin (jt-B) 

cos B+cos (9 0+^/2) cos (tt-B) 
sin tyt)+i4/-2) sin (tt-jS) 


=cos AD 
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cos tw-C;=-cos C and cos (90+^/2)= -sin AI2, 

sin (904 i4/2)=cos Af2. 

/. —cos C-sin iAj-2) cos /3=cos 5+sin (Ajl) cos j8. 

•: 2 sin Al-2 cos ^8= — (cos jB+cos C). 

Note. The — ive sign will disappear if we choose jS in 

place of rr^B. 

(g) If dt <f>, tjt, denote the distances of the corners A,B,C 
respectively from the point of intersection of the arcs bisecting the 
angles of the spherical triangle ABC. show that 

cos B sin {b^c)-\‘C05 4> sin {c — a)A-cos p sin 0. 

(Utkai 54) 


Applying the formula 
of concecutive four on 
APB and APC, we get 
cos c cos /l/2 = sin c cot B 

— sin Aj-Z cot Bjl.., .(1) 

cos b cos Ajl^sin b cot $ 

— sin AjZ cot C/2. , .(2) 

Multiply (2) by cos c 
and (1) by cos b and sub- 
tract. 


A 



/. 0=cot B (sin b cos c — cos b cos c) 

— sin A/2 [cos c cot C/2 — cos b cot BI2] 

or cos 9 sin (/>-c) = 3in ^/2sin 9 [cos c cot C/2 

— cos b cot Bf2]. . .(1) 

Again by sine formula we have 

sin 9 __ sin <b 
sin, ’5/2 sin AjZ 

or sin 9 sin ^/2=sin <f> sin 5/2=sin p sin C/2=Asay 

by symmetry. 

The relation (1) by the help of above relation becomes 
cos B sin {b~c)^k [cos c cot C/2 - cos b cot 5/2]. . . .(2) 



Fundamental Formulae 



Again by symmetry we can write the other relation as 
under ; — 

cos ^ sin {c-a)=k [cos a cot Ajl-cos c cot C/-2]. . . .(d) 
cos ifj Bin {a^b]:=k [cos b cot 5/2 -cos a cot /1/2]. . . .(4) 
Adding {2\ (3) and (4), we get 

cos e sin (A-c)+co3 <b sin (c-fl)+co5 ^ sin (£i-t) = 0. 

Proved. 


3, (a) In a spherical triangle, if 0, 'P be the arcs of great 
circles drawn from A, B, C perpendicular to the opposite sides, then 
prove that sin a sin 6^ sin b sin <f>=ssin c sin tp 

^{I-cos^ a-cos^ b^cos^ c+2 cos a cos b cos cY'^. 

[Nagpur 58, Alld. 5®, 58] 


Applying sine formula on ^ABD 

or ts^DC, we get 
sin 0 sin c 


sin B 


TT 


» • 


sin 0 =sin c sin B» 


sin 


• • 


sin a sin 5sasin a sin c sin B 

2n 


=sin a sin c 



sin a sin c 

or sin a sin 5 = 2n = {l -cos* a-cos* f>-co3* c 

4*2 cos a cos b cos 8 ] 

The symmetry of the result proves other results. 

(aj) 7/8 be the length of arc drawn from C perpendicular to 
AB in any spherical triangle ABC, show that 

cos^ a+roi* 8 — 2 cor a cos b cos c=iin* c cos^ 8 
or cos 8 ^cosec c [cor* n-f cor* 8 — 2 cor a cos b cos c]*/*. 

[Alld. 52, Benares 57, Bihar 60, Vikram 59, 

From part (a), we have sin 8 sin C=2n. 

/. cos* 8=1- sin* 8 = 1--^^ — 


581 


sin* c 
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• • sin® c cos® S — sin®c— (I — cos® a — cos® b 

— cos® r+ 2 cos a cos b cos c) 
= cos® fl+cos® b — 2 cos a cos b cos f, 

V sin® f+cos® £— 1 = 0 . 

fb) ]J A = q^ show that B and b are equal or supplmental 
as also C and c. 

sir^A sin B sin C ,, 

sin a'“surF=*snrr* sm .4-sin a. 


or 


.. sin B — sin b B=b or tr — b^ 

Similarly C— c or tt-c. 

(c) If A-f c= 7 r, show that sin 2BA-sin 2C=0. (Alld. 5 a) 
sin 2B4*sin 2C— 2 sin B cos B-f-2 sin C cos C 


= 2k Tsi 


, cos b — cos a cos c , . cos c — cos a cos b 
in o ; }-sia c - 


] 


sin a sin r ' ' sin a sin b 

Now 6 — 77 -f, /. sin sin c and cos b^ -cos c, 

/. sin 2B-f sin 2C 

^sin a I c— cos a cos cA cos r-f-cos a cos cj— 0 , 

(d) In any spherical triangle^ prove that 

^ A— a B-\-b B'-b A+a 
tan tan~Y~ — ^^^ “J“ tan—^—, 

(Nagpur 57) 

By sine formula, we know that 
^ ’ sin a sin b * 

sin .4 — sin a sin B — sin b 

• _ - 

•• sin A-ksin a sin B+sin 

[by componendo and dividendo] 

i4 — a A-\-ei _ . B-^b B-j-i 
2 sin cos 2 sin - 2 - cos _ 


_ . .4+a .4-a 

2 sin — i— cos — 


^ . BA-b B-b 
2 sin cos 


etc. 


2 


2 


Fundamental Formulae 


41 


(e) In any spherical triangle, prove that 
sin(A-\-B) cosaA-cosb sin (a A- b) co^Aj-^B 

sin C - = -r+^ = 1-cos C ■ 

(Nagpur 6i, Rajputana 52, Sagar 57, Agra 56, 58, 

' Punjab 52) 

L.H.S. = ^'— ^ cos cos ^ 

Sin C sin C 

sin a cos i> — cos a cos c sin b cos a — cos b cos c 

’'sin c sin b sin c 

[by sine formula] 


sm c 


sin a sm c 


(cos fl+cos ^Wcos c (cos a4-co5 b) 

sin*c 

(cos fl+cos b) (1 - cos C )_C05 a+c os b ^ 

“ (I — cos*c) l + cos c 

For 2nd part change cos a and cos b in terms of cosine 
of angles etc. 

(f) In any spherical triangle, prove that 

a b a ^ b c • , a i * d 

2 cos — ^ cos Y "2 ^ A-\-sxna cos B. 

(Rajputana 54] 

Put the values of cos A and cos B in R. H. S. 

(g) If A A- B, prove that 1-cos a -cos b-\-cos c~0. 

(Nagpur 57) 

If a-yb—TT A- c, prove that l-\-cos AA-cos B-cos C=0, 

It follows from part (e). 

(gi) ^ spherical triangle ABC, b and c are compctJientary; 

prove that {cos cA-sin c) stn A^2 cos^ ~ sin (BA-C). 

% ^ 

— , . sin {Ba-C) cos 6 -Pcos c sin t+cos « 

r rcm part (e), — : — — = — j— as 

^ sin A 1+cos a n 1 

2 cos* — 

2 


L 

6=-^-c. 


cos & — sin c. 


(h) 


Spherical Trigonometry 
In any spherical triangle, prove that 

sin a VC — cos a cos b cos c 


(i) 


sin A 


'.os c 


(i) 


_sin^ a + sin* i + sin^ c 1 
sin^ ^-i-sin^ B-t-sin=* C“J 

sin a sin b sin c 


+ COS A cos B cos C 

(Agra 48) 
— cos a cos b cos c 
-fcos A cos B cos C' 


Now cos fl=co3 b cos c + sin b sin c cos A, 


Multiply by cos a. 

cos^ a — sin b sin c cos a cos ^ =cos a cos b cos c. 

1 — cos a cos b cos 1 — cos* a+sin b sin c cos A cos a 

sssin* a+sin b sin c cos A cos a. . .(1) 
Again cos A^ —cos B cos C+sin B sin C cos a. 


Multiply by cos A. 

cos* A — sin B sin C cos a cos A = — cos A cos B cos C. 
/, l+cos A cos B cos C 

= 1 — cos* ^ + sin B sin C cos a cos A 
*sin* ^H-sin B sin C cos a cos A 


= Tr a+sin b sin c cos a cos A) 


by sine formula. . . .(2) 


Dividing (1) and (2), we get 


sin* a 


1 - cos a cos b cos C __ r.2_ = "_' eto 

1 + cos A cos B cos'C sin* A 


...(3) 


(ii) 


sin* a + sin* A + sin* c fsin* /j+si n* B + sin* C) 

sin* ^+sin* i?+sin* (sin* i4 + sin* B+sin* C) 

= k^ etc. 


^ence from (3), L. H. S. = R. H. S. 
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(i) // one side of a spherical 
triangle be divided into four equal 

parts and 6i, 62, ^3) ^4 
angles subtended at the opposite 
corner by the parts taken in order, 
show that 

sin (61+^2) ^2 ^4 

=sin (^3+6^4) sin 6j^ sin d^. 

'' *' D — r "* c '"y 

(Lucknow 1952, Agra 54, u a t 

Rajputana 55) Jabalpur 60) Fig- 

Let the side BC be 4 x, so that BD~DE=EF—FC=x 
and let so that p^AEC=TT-ai and AD=y and 

/^ADBcsfd and AE=z- 

We shall use sine formula on various triangles. 



sm sin a , * ^nc* 

- — - 7,-— = ^ from A^BE. 

sin 2x sin c 

from A ACE. 

Sin 2 x sin b 


from A^E>E, 


1 , 


2 . 


3 . 


4 . 


5 . 


6 . 

Multiplying 1 , 3 , 5 , and 2 , 4 , 6 , we get the required 
result. 

(ij) If arcs be drawn from the angles of a spherical triangle 
to meet the middle points of the opposite sides and if a, j8 be the 

parts of arc which bisects the side a, show that ^4^=2 cos — . 

sin B 2 

(Utkal 55, 59) 


sin 


sin (n 

-/ 3 l 

sin 

X 

sin 

1 1 

sin 

h-_ 

sin /3 

from 

sin 

X 

sin c 

sin 


▼ 

sin {rt 

-y1 

sin 

X ~ 

sin 

« 

b 

sin 

4 


sin y 

from 

sm 

X ’ 

sin z 
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By sine formula we 



Now from we get 

sin a sin b{2 _ 

sin sin <fi ’ 

sin <f> sin b fl 
• * sin sin a * 

Putting in (1\ we get 


sin a sin^6/2 sin 6/2^ 
sin /S' sin a *“sin af'Z* 


sin a sin o ^ a 
•* sin ^ sin a/2 2 

(j) Jf equal sides of an isosceles triangle ABC be bisected 


by an arc DE and BC be the base, 
show that 

. DE , . BC AC 

— Jj/n sec _• 

d '^2 

(Raj* 59, Benares 52) 

We know that the line 
joining the mid. points of the 
sides of a triangle is parallel 
to the base and half its length. 
Also in the case of an isosce- 
les triangle the median is 
perpendicular to the base. 


A 
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Now by sine formula, we have 



sin a/4 sin A/2 , 

7S= T 7 -=sin A/2 

sin / 1/2 sin 7 r /2 

from 


sin a/2 sin A . , 

‘ Ai 1 —sin A 

sin A/2 sin v 1 

from 

sin a /2 
or - — 7 . 
sin a/4 

sin A sin a/2 2 sin A/2 cos A/2 ^ 

sin 6/2 °^sinWJ- s.n>2 =2 i/2 

or 

. BC ^ . DE AC 

sin — =2 sm-^- cos — . 



(k) // E and F are the middle points of the sides AC, AB 

cf a spherical triangle ABC and FE proucel meets BC produced 
in Z), prove that 

sin DE cos ~ =5in DF cos 

sin DE sin b ji ^ 

sin tTr-C)“sin D 

sin DF sin c/2 
sin B "“sin D ’ 


• • 



sin ^*sin c /2 


Fig. 29 

by sine formula 


2 sin c /2 cos c /2 sin bfl ecs c /2 
2 sin bf'l^cos f>/ 2 *sm c/2”cos A/2' 


Hence proved. 

(1) In a spherical triangle ABC, D is the middle point of 
AB; prove that 

cot BCD - cot ACD = A-sin^ B ^ sjn fg+Aj sin (a -b) 

sin A stn B sin C sin a sin A sin C 

(Agra 54) 
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Applying the formula of con- 
secutive four, we get 

cos a cos B =sin a cot r/2- sin B cot 6 

from l^BCD. 
cos A cos ^=sin b cot c/2 — sin A cot ^ 

from A^CD. 

cot e-cot ^=cot 4 f =:!!L^ _ t"-*) 

2 \sin B sin A/ 
cos b 

p cos 

B sm A 


Jcos a cos b } 

— { . p cos B cos A J . 

I sin B sin 3 



No 


w 


sin a sin b sin c 


c ] H-cos e 


• • 


V dill I. - , 

— 7 = = say and cot — r= 

sin ^ sin 5 sin C ^ 2 sin c 

*a ^ l+cos c sin* i4 -sin® 5 

£in c sin A sin o 

Ceos a cos b - cos a cos c cos b cos a — cos b cos c ? 
)sinB' sin <J sin c sin sin 6 sin c 3 


(1-f-cos c) , sin® ^ — sin® B c os c fees* 6 — cos® 

k sin C ' * sin A sin B ft* sin A sin B sin C 

(1 -l-cos c) (sin® A — sin® B) cos c fsin ® fl —sin® M 
sin A sin B sin C ft® sin A sin Bjsin C 

Now sin a=ft sin A etc 

^sin A sin B sin C t'+cos c-c ^ B s,n a 

which proves 1st. 

Again by sine formtila we can write as 

ft' (sin® (j — sin® ftl s m (aA-b) sin (a~b) ^ 
h* sm ^ sin b sm C sin a sin b sin C 

(m) In a spherical triangle ABC arc which bisects the angle 
A meets the opposite side in D, and E is the middle point of that 

side. Show that tan x tan ^tan y tan where DE-^x. 
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sin + 

sm c \ 'I J 

sin a"" sin A\l 


from ABC 


sin 


in (f-*) 


Sin ^TT — a) sin d/2 

from l\,ACD. 

Divide and apply com- 

ponendo and dividendo. 



Cn) The middle points of the sides AB, AC of a spherical 
triangle are joined by the arc of a great circle which cuts the base 
produced towards 0 at Dt Frove that BZ)-|-CZ)=7r and that 


. ^ . c-\-b . c^b a 

cos dD— 5in sin --- coscc 

AB being the greater of the two sides. 

sin BD sin cf l ^ 

sin 0 sin 0’ 

sin CD sin 6/2 
sin 0 ” sin 0 ‘ 

. sin BD sin 0.sin r/2 
sin CZl^sin </>.sin 6/2* 


(Utkal 55) 


ft ft 


have 


Now from Ad£F, we 



sin 6/2 _sin cf'2 
sin (tt — d)”sin 0 ’ 


sin B sin f/2 




= 1. 


Hence 


sin BD 


sin 0 sin bj'l 

«,. = 1 or sin BD— sin C£) ; BD—n^CD 
sin CD 

as they cannot be equal. Therefore BD-{-CD=7t 
or BC+CD+CD=7r. 


2 2 2 


...( 1 ) 
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Now 
cos AD 


:C03 AC cos Ci)-f sin AC sin CD cos ACD 
cos b sin c 2 / 2 -fsin b cos fl/'2 cos {tt^C) [by (1)] 


. .. , a ■ t o cos c— cos cos ^ 

or cos cos P sin sin o’cos— r 

'A 'A sm a sill b 


= cos 6 sin 


a cos c — cos a cos b 


2 *2 sin o/^ 

cos b (1— cos'a) -cos c-f-cos a cos b 

■A sm ai'A 

. b + c c — b 
, 2 sm — - sm — — 

c "S b — cos c A A 


A sin afA 


2 sin ajA 


. 4 T ^ • C ~ b O 

= sin-^- sm cosec 

4. (a) In an equilateral triangle ABC, prove the following 
relations : — 

(0 2 cos al 2 sin AI 2 =^ 1 . (») sec A=l-\-sec a, 

(Punjab 46, Delhi 56) (Agra 53, Rajputana 51) 

(iii) I~2cos A^tan^al2. (iV) 1+2 cos a^col^ AI2. 

(&) log sin — +log cos 2=0 (Nagpur 55) 

cos <1— cos b cos c 


(i) 2 sin^ cos ^*1 - 




sm b sm c 
cos a - cos® a 


sin* a 


as^b =c 


1 — cos a 


or 


. , /4 sin® fl + c os~ fl--cos a 

2 sin TV cos* a (i -cos a) U+cos a) 


1 


1 


1-fcos a 2 

2 cos* 


2 


/. 4 sin® AjA cjs® a/2 = l or 2 sin AjA cos a/2 = l which 

proves (1). 
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(ii) Writing the value of cos A and putting a=b=c, we get 

. cos a . . 1+cos a , - 

cos A=:, — , A sec A= = sec a + 1. 

1 + C03 a cos a 


(iii) 1-2 cos dssl - 2. 


CO? a 1 - cos a 2 sin^ <i/2 


i-|-cos a l + cosa 2 cos* a/2 

= ta[i^ a/2. 

Note. From the relation 1 — 2 cos A^tan^ aJ2, deduce the 
limits between which the sides and the angles of an equilateral 
iriangU are restricted , 

tan* a/2 is clearly -hive i. e. > 0; 

1 — 2 cos -4 >0 or cos A <1. 

Hence A > 

Therefore we conclude that the angles of a spherical 
equilateral triangle lie between GO® and 180°. 


Again the greatest value of 1 — 2 cos Aes] — 2 ( — 1'=3 
i. e, greatest value of tan* a/2—3 or of tan fl/2 is 's/'d 
i. e. a/2— tan”' Vd=G0° or a — 120°. Hence the greatest value 
of the sides can be 120° and least value is clearly zero show- 
ing that the sides of a spherical equilateral triangle lie bet- 
ween 0° and 120°. 

liv) cos ^+cos B cos C cos A+cos* A 

sin B sin C “ sin* A 

Cos A (1 -pcos A] cos A 

"“tl - cos A) (Iq-cos A) 1— cos A 


‘ \ i.-) cos A H-cos /I , A 

1+2 cos a®=l-h2. — ,=■; >— cot* — 

1-cos A 1-cos A ‘2 

tv) Take log of both sides in (1) and we get the result. 

(b) If A and A' be the angles of an equilateral triangle aud 
its polar leciprocal^ prove that cos A cos A'=cos A+coj A\ 

We have proved above that in an equilateral triangle, 

cos A' =— cos a. 


. cos a , 
cos A = : and A — tt — a 


1 i-cos a 
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. A I A! COS a —cos* a 

.. cos i4-|-COS A =7 cos 0^- 

J-f cos a 1-I-C05 a 

=cos .COS A\ 

(c) JJ a be the side of an equilateral spherical triangle and 
a' that of its polar triangle, show that cos 0(2 cos o'l2=^^. 


cos A = 


cos a 
i-hcos a 


J • 


COS = 


cos A 


cos A 
i- cos A' 
1 


2 cos* fl/2s*l + cos d«l + 5 , — — — 3 * 

^ ' ' 1 — cos A 1 — cos A 

Again — .<4 /. cos a's= - cos .<4. 


2 cos* a'l2=lA cos a'=l-cos A. 


2 cos- a/2.2 cos* a72=(i-cos A) 


- 1 , 


1 — cos A 
2 cos, a/ 2 . cos a 7‘2 = 1 . 

(d) y Dj E are the middle points of the sides AB, AC of an 
equilateral spherical triangle, prove that sin DEf2es\ tan 0 ( 2 , 

W’e have proved above that 
in equilateral triangle 

cos a 
i + cos a* 

cos DE = cc s a/2 . cos a/2 

-f-sin a/2, sin a/2. cos A 


cos A^ 


, a , . i a cos a 

= cos* rSJn*— r.^, — 

2 14 cos a 



Fig. 33 


2 sin* 1 - cos Z)£= 1 - cos* - sin* 77 ^ 


2 a ^ 1 + cos a — cos a \ 


2 \ ITcos a 


s^sin* 


1 


2 


2 cos 


. DE , ^ a 
sin ■J* 


5 * //ccj P> y arr^ joining the middle points of the sides 
0 ) a spherical triangle ABC. show that 
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Fig. d4 


cos (t. cos p cos y l-\-cos a-^cos b-\~cos c 
cos afii ~cos bl2~'cos c\2~' 4: cos a}2 cos bl2 cos f/2* (Agra 48) 
By applying cosine formula on 
we get 

cos a=co3 bfl cos c/2 f 

4- sin bj'! sin c/‘2 cos A ^ ^ \ 

=cos bfl cos c/24-3in bf-2 sin c/2 / \ 

cos <2 — cos b co s c I 
^ sin sm c 

■ ^cos^ bJ2 cos^ c/24- (cos a - cos b cos c> Fig. 84 

4 cos bjl co= c/2 ’ 

.. sin 6/2 _1 . 

sin h 2 cos 6/2 ’ 

. ^QS « ^ (1 + cos 6) (14-cos c)4-cos a — cos 6 cos c 
cos a/2 4 cos fl/ J cjs 6/2 cos c/2 

14-003 a4-co5 6 4- c os c 
“4 cos a/2 cos 6/2 cos c/2* 

The symmetry of result shows that it is also equal to 

cos cos V 

cos 6/2“cos c 72’ 

6, If ihejhree sides of a spherical triangle be halved and a 
netv triangle formed, show that the angle d between the new sides bl2 
and cl2 is given by cos d=cos A-\-h tan bJ2 tan cl2 sin^ 0, 

(Sagar 51, 57; Nagpur 59; Agra 58; Utkal 54) 

We have to prove that ^ 

cos ^=co3 6 -(1/2) tan 6/2 tan c/2 sin* 0. 

COS a/2-cos 6/2 ccs_c/2 / ^ \ 

sin 6/2 sin c/2 f/ ^ 

from ADEF. /\ /\ 

R. H. c; ^ cos_a/2^cos 6/2 cos c/2 / ^ /^ ' 

sin 6/2 sin c/2 [ \ / 

_ sin 6/2 sin c/2 5 \v ^ 

cos6/2cos^ ^ 


‘V2 






Fi^ 
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+ TT 


1 sin bjl sin cf 2 /cos a/2- cos 6/2 cos c/2y . 


!■( 


2 cos 6/2 cos c/2 ' V sin 6/2 sin c/2 / 

(cos a/2 — cos 6/2 cos c/2) *2 cos 6/2 cos c/2 — (sin^ 6/2 sin^ c/2) 
+(cos^ a/2+cos^ 6/2 cos^ c/2 — 2 cos c/2 cos 6/2 cos cfi) 

2 sin 6/2 sin c/2 cos 6/2 cos c/2 

— cos® 6/2 cos® c /2 — sin® 6/2 sin® c/2+cn5® a /2 

2 sin 6/2 sin c/2. cos 6/2 cos c/2 

l+cos6 1+cosc ]-cos6 1- cos c , 1+cos a 

“ 2 ' 2 ’ 2 ■ 2 2 


1 sin 6 sin c 


cos a — cos 6 cos c 


—cos / 4 . 


“ sin 6 sin c 

7. /« an^ spherical triangle, prove that 

cos a tan B-\-cos b tan A-\-tan C=cos a cos 6 /an ^4 /an 5 /an C. 

(Punjab 55, Agra 59, Nagpur 54, Sagar 51) 

cos /4 + cos B cos C 


We know that cos a= — B~srnC 

L. H. S. 

cos B-l-cos A cos C sin A sin C 
= cos a tan 5 + — i^C ‘ cos ^'^'cos C 

sin B co s g cos C+cos ^ cos® C+cos A 
“COS a cos A sm C cos C 

sin B cos B cos C + cos A 
— COS a D’i” j e-ir\ r' /^r»c o 


...( 1 ) 


sin 


2C 


COS B'^ cos A sin C cos C 

sin B cos a sin B sin C m ^ n 
— cos a B"^cos A sin C cos C *■ 

= cos « sin B 

„ rcos B+cos A cos C“| 

=cos ajsin B ^ ^ -5 ^ J 

_co- a -njB as above in (2) 

= C 03 fl S-ni*^ ^ COS B cos C 


...( 2 ) 
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=cos c co^ /i.lan A tan B tan C. 

8. In any spherical triangU ADC, prove that 

srn h sin c+cos h cos c cos A^srn B sin C-cosB cosC . o 

(Rajputana 57, Utkal 55) 

L. H. S. 

CO? a - CO? b cos c 

=sin b sin c+cos b cos c sin 6~sin c 

n-cos= 61 n - cos’^^l- l-cos a co? b cos c - cos^ b co^^c 
" sm b sill c 

1 - cos* b - cos* c -F^os n co s 6 co s c 

^ sin b &in c 

. ^ 2n r— 

T? T 4 C nnffin<T ^in B— — : 3 1 SIO C — l 


In R. H. S. putting sin B = ^.^ ^ sm ^ 

and the value of cos B ana cos C in terms of sides, we get 
R H S 

1 d-CO^* 6 -cos* r + 2 COS « cosj_cos_c 

= sm 0 sm c.sin a sin 

cos b — cos c COS a cos c — c os a cos b 
-cos a. ^sTn'cTuT^ * sin sm 6 

\ ^ [sin- fl-cos*.6 (l-co3*a) 

sin* d sin b sin c 

- cos* c tl - cos* a] F cos a cos b cos c (1 - cos* a)] 

l-cos*f>-cos*r+cos a cos 6 cos 
~ sin b sin c 

Alternative Method, 

As cos* ^+3in^ 1 L. H. S. can be written as 
sin 6Jsin c (cos* ^+sin* i4)+cos b cos c cos A 
c= 3 in b sin c sin® ^+cos A (cos b cos c+sin b sin c cos v4) 
=sin b sin c.A® sin* a+cos A cos a by sine formula 

• « • • • « ( 1 ) 

Similarly since cos* oFsin* a — 1, 

• R. H. S.=sin B sin C (cos* a+sin* fl)-co3 B cos C cos a 


• • 
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= sin 5 sin C sin= fl+cos <3 (-cos £ cos C 

-f sin B sin C cos a) 
— k sin b.k sin c sin® a+cos a. cos A, ...(2) 
■hrom (1) and (2) we find that L. H. S.=R. H. S. 

9« (a) Prove that in any spherical triangle ABC, 

tan h== ^ ^o^-\-tan c cos A 
2 - tan a tan c cos A cos C* 

(Sagar 51, Nagpur 60) 

cos c — cos a cos b sin c cos a — cos b cos c 
cos a’ sin a sin i '^coTc' sin b sin c 

b co^s a cos r ^ a - 2 cos a cos b cos c]. 




...( 1 ) 

sjn_a sin c cos a — cos ^cos c cos c — cos a cos b 


cos a cos c* sin .b sin c 
1 


sin a sin b 


%in» b cos a cos c 

— COS b (cos® c+cos® a)4*co3 a cos c cos® i}] 

-cos a cos c. (1-sin® A-f-cos® 

• 2 A — fcos b (cos® c+cos® a) 

sm^ b cos a cos ' 


- cos a cos c . 2 cos® b] 


cos b 


sin* b cas a 

^ = -T^ = tan ^ [by {]) and (2)1. 

cos a sin a i- ^ v / \ /j 


• • 


Another form. 

cot c cos C+cot a cos A 


tan b^ 


cot a cot a- cos A cos C 
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Divide above and below by cot a cot c and it is reduced 
to above form. 

Note— See alternative method in part (o) Q 1 next 


exercise. 


(b) In a spherical triangle ABC if A-a, prove that 

A ^ 


tan 


tan 


U 

tan 7 = ' 
*2 


2 


b c 
\.-tan tan -r- 


[Agra 54, Utkal 54, Lucknow 56, AUd. 50] 


.a 1 - cos a 
We know that tan^ — “FFcos'a 


or 


Now cos fl=cos b cos c+sin b sin c cos A, Put A~a 

cos a (1 — sin b sin r)=cos b cos c, 

cos b cos c 

cos LTl 


• # 


i — sin b sin c 

^ a 1 — sin b sin c — cos b cos c 

tan sin c+cos b cos c 

n ■ a 
, , 2 Sin® 

__1 — cos ^ 

~i + co5ti+r) 2cos=^‘’ 


tan *= 


6 

2 


c b . c 

r^COS -c Sin 


sin cos ,, w.. 


b c . b . c 
cos cos “Sin — sin — 


Divide above and below by cos — cos — 


tan 


o 


tan ~ 


tan “:^= 


l-tan tan ^ 


Sphirical Trigonometry 

lo* (a) In any spherical triangle, prove that 

cos a = cos {b + c)-\-2 sin b sin c cos^ 

rite 2 cos^ as 1 +cos A and put the value of cos A etc. 

(b) If bA-c—90°, prove that cos a=sin 2c cos^ — . 


Now 


cos a — cos b cos c+sin b sin c cos A. 
cos /»=cos -r^=sin c and sin /»=cos c, 

cos a«sin c cos c (1-f-cos ^)=sin c cos c.2 cos* 


=aS 7 n 2c cos* -C-. 

(c) If the sum of the two sides of a spherical triangle exceeds 
the third side by the semi-circumference of a great circle, show 
that sin of half the angle contained by these sides is geometric 
mean between their cotangents* 

We are given bA-c^n-^^a ; /, cos (/»+(:)= -cos a 

or cos b cos c -sin b sin c~ — (cos b cos c-f-sin b sin c cos A) 
or 2 cos b cos c=sin b sin c (1-cos A) 


or 


cot ^ cot r— sin* V l-cos ^4 = 2 sin* ^ 


2 » • ^ OUI ^ . 

II. Two spherical triangles ABC and A'BC standing on the 
same base BC are such that tan B tan C^tan B' tan C; 
show that 

cos A cos B' cos C*=cos A’ cos B cos C. 

(Jabalpur 59 , Sagar 52 ) 

Equating the values of cos BC where BC is common 
side, we get * 

cos ^ + cos B cos C cos ^'+cos B' cos C' 
sin 5 sin C sin ^'sin C* 



or 
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cos ^ _ _|_;i 

cos B cos C cos B* cos C 
tan 8 tan C tan B' cos C 


Now tan B tan C=tan B' tan C' (given). 

, cos A cos A’ 

* * cos B cos C cos B' cos C 



or cos A cos B* cos C'^'cos A' cos B cos C, 

X2* (a) If P is taken in AB^ a side of any triangle ABC, such 
that AP equals AC, show that 

sin c cos CP^cos a sin bA-cos b sin (c — b). (Agra 53) 


cos CFsscos a cos (c-b) 

+3in a sin (c-6) cos B 

or cos CF=acos a cos (c-6) 

4-sin a sin (c- 6) 

cos b — cos a cos c 

X : : . 

Sin a sin c 

sin c cos CP Fig. 36 

=sin c COS a cos (c-6)4-sin (c-6) cos b 

— sin {c— b) cos a cos c 

=sin (f — 6) cos i+cos a [sin c cos(c-fc)-cos c sin (c-i)] 
•«sin cos 6+cos a sin {c-(c-6)} 

=3in {c-b) cos />-|-co3 a sin b. Proved 

(b) In a spherical triangle ABC, the medians from 
A and B are equal. Prove that either a^b or 

* • ^ • (3 . a b b 

itn* _ =COS^ ^ + y cos y + COi* y. 



(Agra 56) 
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Let AD and BE be the 
medians from A and B. 

By cosine formula, 
C03^Z) = CO3 ^ cos C 

I ■ n 

-hsin — - sm c cos B 

a a . 

= cos TT-cos c+sin sm c 
• 2 , 2 

cos 6— cos a cos c 


C « 



a 


=sCos cos c-b 


sin a sm c 
cos b 


Fig. 37 


2 cos 


cos a cos c 


2 cos 


Similarly 

„ r- b , cos a 

cos BE=cos Y cos r-f ^ 

2 cos 


cos b cos c 


2 cos 


2 


Since given, cos ^£)=cos 

ilence from (1) and (2), we get 

/ a b \, C cos b cos a 

cos c f cos ---cos ^ j-r 


+ 


2 cos 


2 cos 


2 


...( 1 ) 


...( 2 ) 


<3 ^ 

2 cos 2 cos 
cos b cos c cos cos c 


* 0 . 


Put cos (3 = 2 cos* cos /»— 2 cos* 


cos c 



2 cos — cos ,, 
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or cos c I cos 


(cos - cos -y) 


+ 


( 


a b 

cos - cos "2 


)-< 


3 a 3 6 

cos3 — - cosS _ 


) 


^ a b 
2 cos cos 


+ 


cos c 


^ a b 
2 cos cos 

tL M 




a b f b 

cos -r cos -r I cos —cos 
2 2 \ 2 


t ) 


-(cos -J-COS |-)j =0 


or 


a b 

cos - cos -7 - , 

2 2 a b . - 

~a T p COS COS ^2 COS ' + 1 

2 cos cos ^ 


-•2(cos* Y+cos -^-cos |-+cos^ |-^ 


-f cos C ^ —2 cos ~ cos — 


a b 
cos -cos 


2 cos cos 2 


j 1 -cos C -2 (cos* y+COS COS "I 


+ COS 


2 




• • 


either cos -^-Cos 4-=0. a=b. 
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1 —cos c 


-2 ^cos* 


a . a b 
V +COS — r cos -^-f-cos 
2 2 2 


t)- 


• o c a b , „ b 

or sin^ -^=cos= +co5 cos -^+0052—. v 

13. AB, CD <2re quadrants on the surface of a sphere inter- 
secting at E. the extremities being joined by great circles; show that 

cos AEC—cos AC cos BD~cos BC cos AD. 

(Allahabad 52. Benares 57, Nagpur 58, Bihar 60) 


Let AE^sfx so that 

EB = {nll)~x 
and CE=y 

so that ED—iJT(- 2 ) -y. 

Also let A_BED = aL, so that 

cos AC— OS X cos y 

-f sin X sin^ cos a 

cos BD =sin x sin ^-d-cos x co3> cos a. Fig. 37 
cos AC cos 5D— (sin x cos x smy cos^*) (Id-cos^ a) 

d-cos a {sin® x sin® x cos®^} 

...( 1 ) 

cos BC =co5 y sin x-f-sin^ cos x cos (tt — a) 
cos AD =^co5 X sin> fsin x cos> cos (w-a). 

cos BC cos ^Z)=^;?in x cos x sin y cos y) (id-cos* a) 

— cos a {cos® X sin® y+sin® x cjs®^} 

...( 2 ) 



cos AC cos BD -cos BC cos AD 

^cos a {sii.*^ (cos® Xd-sin®)d-c03*:)’ (sin® xd-C03®x) 
=005 ot (sin® > d"C03 ® =^cos a=cos AEC. 

14* F, Q,, B, S are four points on a sphere and A iJ the 

angle between the arcs PQ, and RS; show that 

eos PR cos (IS -cos PS cos (lR=sin Pd sin RS cos A. 

(Lucknow 57, Sagar 52, Nagpur 60) 
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cos Pi? = cos OP cos OR 

H-sin OP sin OR cos A, 
cos 0,5= cos OQ, cos OS 

+ sin OQ_ sin 05 cos 
cos PR cos 0,5 
= (cos OP cos 00, 

xcos 0/? cos 05) 

+sin OP sin 00, sin OR 

xsin OS cos'* A Fig- 

-fcos A {sin OP sin OR cos 0Q,cos 05 
H-sin OQ, sin 05 cos OP sin OR} • • •(!) 

cos P5=co3 op cos 05+sin OP sin 05 cos A 
cos Oi?=cos 00, cos 0/?-i-sin 00. sin OR cos A. 
cos PS cos dR 

= cos OP cos 0Q_ cos Oi? cos 05 

+ sin OP sin 00,~sin OP sin 05 cos^ A 

H-cos A (sin OP sin 05 cos OQ, cos OP 

H-sin 0Q_ sin OP cos OP cos 05} . , .(2) 

Subtracting (1) and ^2), we get 

L.HS. 



—cos A [sin OP cos 00, (sin OP cos 05 - cos OR sin 05) 
— cos OP sin OQ, (sin OP cos 05— cos OP sin 05i] 

=- cos A [sin (OP - 05) sin (OP— O0,>) 

=cos A sin SR sin (- PO.)— cos A sin P5 sin PO. Proved 

15 * 1/ 0, l>, Cf d bt the sides of a spherical quadrilaUral taken 

in order, S, 8' the diagonals and <f> the arc joining the middle points 
of the diagonals, show that 


cos a-\-cos b-\-cos c-\-cos d=^4 cos — cos 


8 ' 

-T (OS <b. 
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E and F are mid. points of the 
diagonals AC and BD intersec- 
ting at 0 where OE = x and OF 
and /_EOF=d say. Since — 


oi 


and 


AO=AEA-EO=^-\-x 


CO^CE^OE^~-x. 


2 


Similarly, 


8' 



cos 


a=C05 (^-i-t-^^COS 


-fsin sin ^os (n-- 0), 

cos b=cos cos -y^ 

+ sin si n ^ ^ -y^ cos 0. 

5 a-f-C03 i> = co3 cos (^"1 

-sin -y) cos 9 ^ sin +^) 

-sin(4-x) 


CO 


/ 8' \ S 

—cos r — : — ^ )‘2 cos cos x 

— sin — y^ cos 9.2 cos sin x, t .(1) 


Similarly, 


003 5 f cos (/ — cos ^ -\-y^ 


2 cos 77 " cos X 
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+ s 




cos 6.2 cos - - sin * . . .(2) 


Adding (1) and (2), we get 
cos a-|-co3 b -fcos c-|-co5 d 


r 


✓ 5 

— 2 cos ^ cos I cos ^ ,, -J 1+cos 


8 ^ \ 

— . I 

2 


• (4' 


+2 cos sin a; cos sin ^“4" +d’)-sin ^ ~ 

S 8^ 8 

= 2cos — cos a:. 2 cos — , co5>+2 cos sin x cos 0 

g/ 

2 cos sin y 
2 

8 S' 

— 4 cos — cos [cos a: cos j + sin a: sin>’ cos 0] 

8 8^ 

—4 cos cos — cos <l> from ^EOF, Hence proved. 

i6. The sides AB, BC of a spherical guadrilateral are 
denoted by a, b respectively and the angle ABD by B, show that 

tan ^ b~sin a {cos b cos B-\-cot C s in B) 

~cot A sin b+sin a (cos b sin B - cot C cos B)' 

(Sagar 50) 

Applying formula of conse- 
cutive. four on A^BD and CBD, 
cos a cos ^ = sin a cot x 

— sin ^ cot A. . .(1) 
and cos b cos {B - 0) 

= sin b cot x-sin (B-d) cot C 

...(2 

In order to eliminate x 
multiply (1) by sin b and (2) by 

sin a and subtract. Fig. 29 

sin b cos a cos 5 — sin a cos b cos [B — $) 

— sin a sin {B — 6) cot C — sin b sin 6 cot A, 
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Collect the terms of cos d on one side and sin 6 on the 
other. 

/. cos 0 [sin b cos a — sin a cos b cos B~ sin a sin B cot C] 
=sin 6 [sin a cos b sin sin a cos B cot C 

-sin b cot A] 

tan 6'=ssetc. as given. 

17. The sides oj a spherical triangle are all quadrants and 
OLj y are the arcs joining any point within the triangle to the 
angular points, prove that cos^ <x-j-cos^ y — 

Since = 

/, A is pole of BC 

ie. ZBAC = 90°. 

Join P to to the vertices and 

let PA^ol, PB~P and PC 

Supp.ise that /_BAP = 6, 

so that /_CAP~'0O-B, 
c )S /8 =* cos a cos 90 

-psin a sin 90 cos 0 
from 

» sin a cos 0 

cos V=C03 a cos 90+sin a sin 90 cos (SO-fl) from i^APC 
= sin a sin 0. 

cos^ /3 +co 5^ y =?in^ a (cos^ ^4-siii* ^! = ]— cos*a, 

cos* a-Hcos® )S-i-cos=^ y = l. 
i8- In any spherical triangle if b-\-c=^^0 , show that 

ynt - A 

COS (6-cj=s=m 

cos a = cos b cos f-psin b sin c cos A 



cos (al2) 2 


...( 1 ) 


=cos b cosc + sin b sin c ^1 -2 sin* ^ 


cos (^-c) = co3 fl + 2 sin sin c sin* .■■(2) 

Now we have to elimin'^te sin b sin c in R. H. S. 0^(2). 
cos (^-pc)==cos 6 cos r - sin b sin V 


6 + r«G0 


or 
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cos b cos c«i-fsin b sin c. 

Putting in ( 1 ), we get 

cos a=i+sin b sin c+sin b sin c cos A 

2 cos a- 1 • L • ,1 . A, • t • n 9 ^ 

or =ssin b sin c (1+cos / 4 )=sin b sin c.z cos^ — , 

Putting for sin b sin c in ( 2 ), we get 

L . .0-9^2 cos <2-1 

cos tP-c)=cos 0+2 sur . ■; ^ — ..--.v 

■^4 cos* {All) 

s=cos o + i tan* (^/2),(2 cos o— 1) 

, 1 ^ ^ A 1 cos <2 cos [all) - cos (0/2) 

— cos of- tan* -- . -+5 

2 2 cos (o/2) 

1 A cos ( 3 o/-^) + co 3 (o/‘ 2 ) -cos (fl/ 2 ) 

=cos . + - tan' - >- 

^ A 

or cos (6 -c)=cos 0+ 7 — ---j—tan* ^ • tj j 

2 cos {afl) 2 Hence proved, 

19. Prove that in a spherical triangle ABC in which the 
angle A is small, B+C — rr — cos b, approximately. 

(Agra 1947, Raj. 58) 

We have, by supplemental cosine formula, 
cos B= — cos C cos ^+sin C sin A cos b. 


We are given that A is small; /. cos i 4 = l and 
sin A = A approximately, 

cos B=-cos C-\-A sin C cos f>=cos [n-OA-A sin C cos b; 

, B = co3 “^ [cos (7r-C)+/l sin C cos b]=f {A) say 

=/t 0 )+^y'( 0 )+... V A is small. 

Now /(O)=cos~^ cos (tt -C)=7 r — C. 


Again 


« a 




sin C cos b 

V[t-{cos (77-0 + 4 sin C cos 



sin C cos b 
Vtl-cos' C) 



/. B = 7r-C + 4 { - cos 6). 
B + C«7r-4 cos 
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Alternative Method. 

Since A is small, we have proved that 

cos 5= -cos C+A sin C cos d. ,..(1) 

To a first approximation we can say that 

cos = - cos C= cos (tt - C); 

B=n-C. 

Hence where x is small. 

Putting in (1), we get 

cos (tt — 0 + *)= — cos C-\~A sin C cos b 
-cos (C-x)=-cos C+^ sin C cos b 
-{cos C cos x-f-sin C sin *}=-cos sin Ceos b. 
Since x is small cos x**! and sin x^x; 

—cos C-sin C,x= -cos C -^-A sin C cos b, 

xss^A cos b. 

Hence B^tr— C+xs=7r — C — ^4 cos b 
or B-f-C— TT — i4 cos />. Proved. 

20. {/"fi, Ca the two values of the third side when A, a, b 
are given and the triangle is ambiguous, show that 

Cl 


or 

or 


tan 


tan 


fo b - a bA-o 

^ ss:/an tan 


or 


2 2 2 2 

(Gorakhpur 6o, Utkal 59, 56, 54, Luck. 1951) 

We know that 

cos fl — cos b cos r+sin b sin c cos A 

, 1-tan* (r/2) ... ^2 tan icj‘2) 

cos < 2 =cos b , . ^ — r7T"j»i c cos A — — — = — 

l + tan*(c/il l + tan*ic/2) 


Arranging as a quadratic in tan -jj, we get 

(cos fl+cos b) tan* -|--2 sin /> cos A tan -|+(cos < 3 -cos b)=0. 
Since Cj, are two values of c, its roots are 

Ct 

tan — .tan — . 
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, C| , f* cos a - cos b 

tan tan ; , 

2 2 cos a + cos b 


[Product of roots] 


. a4-6 i-a 

2sm --;sin-^ (,_a i + a 

a-\-b a-b ‘2 2 

2 cos - cos — 

21, (a) A spherical triangle ADC has the angle C= 120 ° and 
b= 3 a. Show that the length of arc d bisecting C and terminated 
by the opposite side is given by the equation A 

tan d—\ {tan a-\-tan 2 a). A 

Applying the formula of consecutive four / 

on triangles ACD and BCD^ we get 

cos d.cos (iO=sin d cot y 

-sin 60 cot [A-dCZ)] 0 

cos d.cos 60 — sin d cot a Y*" 

-sin GO cot (tr-fi). [AZ?C/)] 

Adding there by eliminating we get fl 

2cosif.i = sin d (cot I-ic-f cot a). Pig, 43 

* cot si n o+s in aa cos a 

sin da sin a 

__ sin 4 a 
sin a sin (<2 + 2a)’ 

tan ^- Sin a (sin a cos 2a+cos a s in 

2 cos 2o (Z sm a cos a) 

(tan a+tan 2a), 

(b) If the middle point of AB be equidistant from the vertices 
A, B,C of a spherical triangle, prove that cot A cot B=coi* c( 2 , 

-We are given that /g\ 

DC = DB=DC^c\' 2 , j \ 

V D is mid. point of AB, y ^ ^ \ 

Applying the formula of conse- n c/, 




cative four on LCDA and CDB. 


0 < 


Fig, 44 
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we get 

cos (£/2) CCS sin (i:/2) cot (c/2) - sin 6 cot A. 

or cos (c/ 2 ) (I- cos 0} = sin 5 cot from i4CZ>. ,..(1) 

Replacing ehyrr-d and A by B, we get from A SCO, 
cos (c/2) (l + cos 0)=sin 6 cot B. ...(2) 

Multiplying the results, (!■ and (2) we get 

cos^^ tc/2) 1-cos® 6)=sin® 6 . cot A cot B 

or C03®(£/2)=COt^COtB. 

(c) In a spherical triangle ABC if the angle B is equal to 
side c, show that 

sin (A~a) = sin a sin Ajos B cot B. 
sin (^-a)=sin A cos a -cos A sm a 

=ssin a sin A (cot a 

— cot A). . ,(1) 

Applying the formula of conse- 
cutive four on A^^C, we get ^ 

cos c cos B=sin c cot a 

-sin B cot A, Fig. 46 

Nowc=B, /. sinc==sinB* 

Dividing by sin B and replacing c by B, we get 

cos B cot Bs*cot a — cot A, 



Hence from (1), we get 

sin (/ 4 -a)=sin a sin A cos B cot 

22. If a spherical triangle be equal and 


B. Hence proved. 

similar to its polar 


triangle ^ show that 

{a) sec^ A-^sec^ B+sec^ C-h 2 sec A sec B sec C- I. 

and deduce that such a triangle cannot be equilateral. 

(Rajputana 56, '8, Agra 55, Vikram 

(b) sec^ a+sec^ b-\-sec^ c -2 sa a sec bsec c^I. 

We are given that A^A and .. — a etc. 

a = a' and ^rr-A etc. 

Now cos .4= -CO- B cos C + sin B sin C cos a. 
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Put a=7r — A, 

C05 A = - cos B cos C - sin B sin C cos A. 

Divide by cos A cos B cos C. 

/, sec B sec C + sec A^ — tan B tan C. 

Squaring, we get 

sec* B sec* C+sec* A-{-^ sec A sec B secC 

=(sec* S-1) (sec*C-l). 

sec* ^-bsec® B-j-sec* C-|-2 sec A sec B sec C = l, 
which proves (a). 

In case the triangle be equilateral then B—C. 

A 3 sec* 2 sec® ^ — I or cos* ^ — 3 cos 21 - 2=0 
or (cos 2 - 2) vcos* 2 f 2 cos ^-|-1)=0 
or (cos 2-2) (cos ^ + 1)*=0 

Now cos A cannot b 2 and hence we get cos 2 = — 1, 

/, ^4=7r=B=C, 

A 2-hB-l-C=3/r t.e. 6 right angles, but it is also not 
possible as sum of the angles of a spherical triangle is less 
than six right angles. (§ 22 c P. 13) 

Similarly starting with cosine formula, we can prove 
part (b). 

23* va) In a spherical triangle ABC, — ; prove 

^;^j2 sin (i-6) sin (j-c) cos 6 cos c 

2"- sin ft.srn^ =-iTn 4 sin 

V 2i=a + f>-|-c=l80®, A J=90®. 

A B sin* (2/2)=:cot b cot c+cot c cot a-f-cot a cot 6. 

Now tan (a+^+c) 

^ tan a+tan 6-htan c-tan a tan b tan c 
I -^tan a tan 6 -tan b tan r-tan c tan a 
V and tan 180®=0. 

A tan a-htan t4-tanc=tan a tan A tan c, 
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Dividing by tan a tan 6 tan c. 

cot b cot c+cot c cot fl+cot a cot A**!. 

(b) If the angles of a triangle be together equal to four right 
angles, prove that 


cos^ 'f 

. a COP (5-Bl cos (-7 — C) 

COS ^ • n ' • 

2 sin B sin C 

Now 25 = ^H-B+C=27r, S^n. 

a __(-cos B) (-cos C) 

I'" 


(Agra 48 , 54 ) 


4 ^ 

COS* — = 


cot B cot C. 


sin B sin C 

% 

Ndw proceeding as above in pait (a), we prove the result 
(c) In a spherical triangle if cos C= ^tan (af2) tan (bl2); 
then C^A+B. (Agra 44 , Rajputana 60 ) 

/U — cos 5 cos (5 — 


- tan 


tan 


Vf 


cos (5 - B) cos (5 
— cos S cos (5 — 


cos S 


cos (5- .4) cos (S 


cos C (given) 


-C) 5 

■B) I 

-C)l 


or 

or 

or 


or 


cos (5-C) 

cos S=cos (B-C) cos C 
2 cos 5 = 2 cos (5-C) cos C 

2 C03 5=cos S+cos (S-2C) or C3S S=cos (5-2C). 

/. S=±(5-2C). 

If we take +ive sign, we get C=0 which is not possible 

Hence taking -ve sign, we get 

S=^S-\-2C or 25=2C 
^ 4 -B 4 .C= 2 C or C=^ + B. 

(d) In any spherical triangle, show that 


. a-^b-\‘C . 

sm ■ — s stn 


A B 

ssCOS -2 (OS 


stn a. 
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ros (B/-21.COS fC/~2) 
sin {Aj2) 


^Csin s sin (J- 6 ) sin s sin { 5 -f) 


sin a sin c 


sin a sin b 


sin 6 sin c 
X < -- ' 


sm s 
sin a 


in( 


sin U -i) sin (s 
a~\’b + c 


I 

--rjr 


‘2 


) 


sin a 


24 . If ike sides a,b,cofa spherical triangle ABC are in 
arithmetical progression, show that 

C~A sin^(B!2 


cos 


that 


2 ~sin{AI2)sin{CI2)* 

Now we know by De Alembert’s Analogy (§ 10 P. 30) 


C- I 

cos - 2 - 


. c-\-a 
sm -2 


and 


sm {Bl'D sin (bj-l) 
sin (B/ 2 > sin^ 


...a) 

...(• 2 ) 


sin {Al'2) sm tC/ 2 ) sin {s-^b) 

[on putting the values of sin (^/ 2 ) etc.] 


Now a, b, c are in A. P. 




or 


• • f ^ 


2s^2b^b or 6 * 6 / 2 . 

Hence from (1) and (2) by the help of A we get that 
R. H. S. of (1) =R. H.S.of( 2 ) ; therefore L. H. S.’s are 
also equal and we get the result. 

25‘ //8 be the length of the arc from the vertex of an isosce- 
les triangle dividing the base into segments a and then prove that 

tan 2 tan ~=tan — ^ tan 
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We know the lollowing 

Napier’s Analogies 

A~B 

^ 2 

2 “ A + B^ 2 ’ 

co3~-^ 

. A-B 

a-t ®‘" B 2 f c 
. A + B 2 • 



Sin 


•2 


Applying the above analogies on As ACD and BCD 
we get 

ff-A 

a 

"2 ' 


tan -r - 


fl - 8 

tan-^ = 


cos 

^ tan 


TTa^ 

cos 

2 

• 

• • 


• 

ir A 

sin 

2 

sin 

IT — $ A 


...(I) 


0A-A 

..n »" I--® 

COS 


Multiplying 1 and 2 we get the required result. 

(b) // D be any point in the base AB of an isosceles spher.cal 

triangle ABC, prove that 

co s^iAD-DB) cos^D 
Ab cos CA* 


cos Y 


With reference to the figure of part (a), we have to 

a.-B 


COS 


prove that 


cos 8 


a+j8 cos a 


•• CA^CB^a 
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Applying componendo and dividendo and simplifying, 
get the same as part (a). 

26. In a spherical triangle if A=^B^2C, show that 

(a) 8 sin {a-\-(c{2}] sin^ (cj2) cos (cl2) = sin^ a 

(Allahabad 58, Utkal 50, 55, Agra 1950) 

(b) 8 sin^ (C/2) (co^ j+fm {C/2) cos (c!2)=cos a. 

(Sagar 1952) 

(c) cos a cos (al2)=cos (c+(fl/2)}. (Utkal 54 ) 

(a) We know that — = ~ = ^ — ■ 

Sin a sin b sin c 


Since A^B, 
Again 


sin fl^sin b and cos a=co 5 b, , , ,( 1 ) 
sin 2C sin C 


• • 


sm a sin c 
sin a=s2 sin c cos C— sin b. 




L.H.S .=8 ^sin a cos +cos a sin sin^ cos ~ 


, • c c 

=4 sin ^ cos — 
2 2 


X 1^2 sin a cos 4 sin -1- +2 cos a sin* 


2 2 

=>2 sin c {s'n a sin f+cos a (1 —cos c)} 

= 2 sin c {sin a sin c+cos fl— cos a cos c}. 

Now cos b^cos a cos c+sin a sin c cos B 




-.(3) 


/, cos a cos c=cos 6 -sin a sin c cos 2C V B=^2C. 
Putting for cos a cos c in (3), we get 

L.H.S.— 2 sin c (sin a sin c+cos <2 — cos b 

-f sin a sin c cos 2C} 
=2 sin c sin a sin c (l + cos 2C} 

[V cos fl=cos 6 by (1)] 

=2 sin a sin* c.2 cos* C 
s= 3 in a (2 sin c cos C)* 

=»sin a sin* a [by ( 2 )]a=sin* a. 
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Alternative Method. 

Since ^=5, a=b. 


Again ^ = B=2C /. C=(.4/2) or sin C=sin (^/2) 

2 sin (C/2) cos (C/2)— sin [AJ2}, . . *(2) 

Substituting the values of sin (C/2) etc. in terms of sides 
in ( 2 ). 


or 


2 . 


C sin (j-d 1 sin (5 — fe) sin s sin — 

J sin a sin b * sin a sin b J 




— (s-b) sin 

sin b sin c 3 

Cancel sin sin (s-c) from both sides and put down 
the values of s—a-{-icl2) and ^ — a^(c/ 2 ) from ( 1 ). 

[sin (c/ 2 ) sin 


sin* a 


e e 


a^b 


[sin a . 2 sin tc/ 2 ) cos tc/ 2 )]‘'** 

Squiring and cross-multiplying, we get 

8 sin* (C/2) sin {fl+(c/2i} cos ;c/ 2 )=^sin» a. 

(b) We have to prove that 

8 sin* (C/2) {cos J+sin (C/2)} cos (c/2)=cos a. 

Just as in last part, 2 sin (C/-2) cos (C;2)=sin (Ajl) [by (2)] 

4 sin* tC/2) cos* (C/2)=sin* {A}2) 

In the relation to be proved we require sin (C/2) and as 

such we put the values of cos (C/2) and sin (^4/2). 

sin J sin f 5 -c)_ 5 in js^b) sinj ^^ 

sin b sip c 


or 


or 


4 sin* (C/2). sin 7- 

4 sin* (C/2) sin J.sinc=sin a. sin (s-b) 


or 4 sin* (C/2) sin s,2 sin (c/2) cos (c/2)=sin a.sm (c/2) 

V s-b^ (c/2). [by (1) of part (a)J 

or 8 sin* (C/2) sin J.cos (c/2)=sin a. . • -(D 
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Now cos J+sin (C/ 2 )^cns s-\- ^ 


cin (j — al sin (5 - b) 
sin a sin b 


) 


=cos 


sin 15 - a) 

' ♦ * 


a^b 


sm a 


cos 5 sin fl + sin s cos a -cos s sin fl _ sin s cos a 

sin a ^in a 


sin 5=(cos 54-sin (C/’ 2 )} 


sin a 
cos a 


...( 2 ) 


Putting the value of sin s from ( 2 ) in ( 1 ), we get 


8 «in*(C/' 2 ) {cos54-3in (C/ 2 )}. 


Sin a 

cos a 


cos (f/2)=sin a. 


8 sin® 2 54-sin j cos -^=003 a. 


Hence proved. 


27. Show that cosine of the angle between the chords of two 
sides by c of a spherical triangle is equal to 

. b . c , b 
sin — stn -^-^-cos — 

md mm 


Let 0 be the centre of 

the sphere whose radius is 

r and ABC be the spherical 

triangle whose chords are 

denoted by dotted lines and 

we have to find the angle 

between the chords AB and 

AC. If this angle be 6, then 
from plane triangle ABCy 


cos -jy cos A, 


A 



Fig. 47 . 

...( 1 ) 


2AB,AC 
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or 


Again from the plane triangle OBCt we have 
BC^=^0E^-\-0C*~20B.0C cos BOC 
= *2r^ (I -cos a) 

[1 - (cos b cos c + sin b sin c cos A)\ 
= - 2 sin“ |)(l-2 sin* 


^ ■ b b ^ . c c 

-2 sin -r cos —.2 sin ^ cos cos A 
2 2 2 2 1 


= 2r^ 1^2 sin* +2 sin* 4 sin* ^ sin 


. . b . c b 

— 4 sin — sin -r cos ~r cos 
2 2 2 


4- cos A], 

•2 J 


( 2 ) 


Again Ci4*=2r* (1 — cos 6) = 4r* sin* 


and 


AB^ 


= 2r* (1 - cos c)=4f* sin* 


• ..(3) 


...(4) 


Putting the value of BC*, CA^ and AB^ from (2), (3) and 
(4) in(l), 

^sin® -^+310* ^ — sin* -sin* -^+2 sin* sin*-^ 


cos 9 =4r* 


^ . b . c b c ."1 
+ 2 sin sin cos cos y cos 


2.2r sin .2r.5in -|- 


=sin ^ sin -|-+cos “ cos cos Hence proved. 


aU. If DE be an arc of a great circle bisecting the sides AB, 
AC of a spherical triangle at D and E and P is pole of DE. PB, 
PD, PE, PC be joined by arcs of great circles, show that angle 

BCP=twice the angle DPE. 

(Nagpur 54, 57, Benaras 55, Jabalpur 60, Agra 46) 
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Since P is the pole of DE, there- 
fore DP^EP^^. We have to prove 
that LBPC^^.LDPE, 

or ^l+^2H-f'3+^4=2 (02+03) 

or 01 + 04=02+03 

Applying the formula of consecu- 
tive four on choosing the four 

consecutive elements to be AD=^ ^ , 0, 
PD== 00 ° and 02, 


P 



cos 90 cos 0 sin 90 cot - sin 0 cot 02 


cot ~ =sin 0 cot 0a ...(1) 

Again from /^PBD, applying the above formula, we have 

oot — =sin (7r-0) cot 0i=sin 0 cot 0i, .**( 2 ) 


From (1) and (2\ we get 0i=02 
Similarly we can show that 04 = 03, 


from As PAE and PEC. 


■ • 01 + 04 — 02+08. Hence proved. 

. 29. Ifiwo angles of a spherical triangle be respectively equal 
to the sides opposite to th'm, show that the remaining side is supple- 
ment of the remaining angle or else that the triangle has two 

quadrants and two right angles and then the remaining side is equal 
to the remaining angle. 


prove'lLT 


(.)c_„_C or (ii) a=i=(w/'2)=^=B and c=C. 
COS c-cos a cos 0 + sin a sin b cos C, 

cos C cos A cos fl+sin A sin B cos c 


...( 1 ) 
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or 


= —cos a cos i+sin a sin b cos C, 

V A=a Siud B==b. •••(2) 

Adding (1) and (2), we get 

cos c+cos C=sin a sin b (cos C+cos c) 

(cos r+cos C) (I -sin a sin 6)— 0 
If cos c-J-cos C=0, or cos — cos C=cos (tr — C) 

A c=iT-C, 

the remaining side is supplement of the remaining 
angle. 

If 1 -sin a sin 6=0, then sin a sin 6=1. 

Since sin 6 can never be greater than 1, hence we must 

have a— 6 — 7r/2. 

From (1) by putting fl=6 =7r/2 we get cos f=cos C, 

A c=C. 
sin a sin 6 sin c 

and now 




Sin 


f=C« 


• • 


As=-7t/'2. 


sm A sin B sin C 

A sin ^ = sin fl = l, V a~nf2^ 
sin B=!sin 6 = 1, V 6 = 7r/'3, 

Above shows that the triangle has two quadrants and 
two right angles and also the third side is equal to the third 

^"^^30 In a spherical triangle whose sides are each less than 

7 t} 2, prove that an exterior angle is greater than either of the interior 

■ 7 (Asra s 6 ; Banaras 5a) 

opposite angle s» (Agra 53, a » _ 


and CA are each less 


than 7t!2. Now produce 
AB and AC to meet at 

A', Therefore 

Clearly A'B^-n-AB 
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given. 

AlsoBC < 7r/2 given. Hence in A'B > BC. 

Hence the angles opposite to these sides will also 
-a la y the above inequality. Therefore /_BCA' > A‘ oz > A 

V A‘^A, 

Similarly we can prove that Z. is also greater 
than ZZ. Hence proved. 

31 . If in a triangle a^b = 7r{3 and r = 7 r/ 2 , prove that 

^ A + Ba~C = 7t-^cos-^ J. (Agra 56 ) 

^n b sin c 

Ozcos^ a-cos" 6-co5^ c+2 cos a cos b cos 


sin Z=: 


= V§=sin 

Now 

sin a sin c ' 


sin b sin c 

a=b=7rf‘6 and c=7r/2. 

2V2 


sin C=* 


6 


sin /4=*V§. 


and 


cos co^_ 1 _ 

sin 6 sin c 
cos C=-]/cJ. 

sin (Z+fij=sin Z cos B+cos A sin B^‘^ 

3 ' 




— — i 

y 


cos (^ + B)=cos A cos B-sin ^ sin B=,-m 
cos (^+B + C)=ccs W+B) cos C-si„ (A+B) sin C 

2V2 2V2 

3 * 3 

^cos (jr+cos~^ I). 

Z-f-5-|-C = 7r-f COS"* 

as"cos 

” + cos- |) and not cos (^- cos -1 

Note. See alternative method ahead in chapter V. ' 

of a spiJifZl inLM"‘i 

osloti L. M and N respeclivel:^, Pme that 
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5in BL sin_CM sin AN _ _ j 
Ji^LC'stn MA'sin JSB 

(Agra 51, Raj- ^®) 



iA/A’is a grext circle which meets 

and AB in L, M and N respectively. 

From A, B, C draw perpendiculars 


the sides BC, CA 
AD, BE and CF on 


the greit circle LMN. 

From right-angled triang’e BEL. we ge 


sin BE sin 6 $. 

sin BL sm 90 


Again from right-angled trian 

sjn 

sin CL sin 90 


gle LFC I we 
=sin 6. 



sin 

•** sin BL sin CV 
sinBZ-__si^E 

•’* sirr^^sin CF 

Again from right-angled triangle CFM, 

sinCF _sm ‘^_^sin<^ 

fiTCM 'sin 90 
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From right-angled triangle ADM, 

sin AD sin (b 
sin 

. sin CF ^sin AD 
sin CiV/^sin AM' 

. sin CAi ^ sin CF 

sm i4M~sin •••( 2 ) 

Again from right-angled triangles AZ)jVand BEN 

!HL^ _ anH sin ^ 

sin AN sin 90 

sin ad sxnJBE 
AN~i\n B}\1 

or sin AN sin AD 

sin BN^^n BE' ...(2) 

Multiplying (1), (2) and (3), we get 

sin BE sin CM sin AN 
sin Ci'sin AM'EitTbn^^* 

Now sin Ci= - sin LC, sin AM sin MA, 
sin ^JV'^-sin NB 


f. e. 


sin BL sin CM sin AN 
sin LC' s\n MA*^~j\/b 




.. . ..d c . "» 


Let 
a,b, C 

meet the 


P be any point. TIuough 
arcs are drawn all of which 
opposite sides in D, E and F 


the angular points 
pass through P and 
respectively. 
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_sin a 
sin 0’ 

CP_sin (7 r~a) sin a 
sill CD Sin 4> ~sin <p‘ 

sin BP sin CD sin 
sin CP""s\n^P 

Similarly, 

sin CP sin AE sin 6 
sm CE'^AP=s\^ 

, sin AP sin sin 0 

and — 77, » 7777 s ; — •. 

sin AF, sm BF sin 0 



...{3} 


Fig. 


Multiplying (1), (2) and (3), we get 

sin BP sin CD sin CP sin AE sin AP s in BF 
sm PZ) 'sin Ct" 'sin C/i'sm AP*s\n i4F*sin BP 

or sin CZ). sin ^£.sin BF=sin BD.sin CE. sin AF, 

Proved. 

33. Prove that the Jacobian of the angles of a spherical triangle 

sin A 

ABC with respect to the sides is numerically equal to . 

(Rajputana 60) 


d(A, B, C^ 


dA 

BA 

9 {a, b, c) 

9 a 

db 

dc 


dB 

dB 

dB 

1 

da 

db 

Be 

• 


dC 

dC 


9 a 

db 

dc 
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Now cos a =cos b cos c 
4- sin h sin c cos A. . . .(1) 

Differentiating partially 
w. r. t. a we, get 

/ ■ • . bA 

sm a — - sin ^ sm r sin A — . 

da 


A 


# • 


Sin a 


dA 

da ~~sin b sm c sin A 
k 

sin 6 sin c ' 



Fig. 49 


where 


sin a __sin b _sin c 


sm 


...(3) 


Again differentiating (]) partially w. r. t. b, we get 

0=(-sin b cos c+cos b sin c cos /Ij-sin b sin c sin A.~ 

db ‘ 

By sine cosine formula, we have 

sin a cos C=sin b cos c— cos b sin c cos A, 

dA 


sin a cos C — - sin b sin c sin A, 


4 


3^ 

a* 


db • 


sm a 


Similarly 




sin b sin c sin A 

dA k cos B 
dc^ 

^3 


.cos C=3 — ; 


k cos C 


sin b sin c' 


sm b sm r.sm c.sm a, am a sin 6 


sm b sm c 

1 -cos C -cos B 
— cos C 1 ^ QQg ^ 

—cos C —cos A \ 


Expand the determinant 

xrf^'Cos* /I — cos* B— cos* C 




sm* a sin* b sin* c 


— o 


cos A cos B cos C). 
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Now 

sin* 
sin* a 


cos /i=— cos B cos C + sin B sin C cos a 

cos ^ + cos B cos C 


cos 


L-in B sin C 

- , sin* 5 sin* C — (cos ^ + COS 5 cos C)* 

= l-cos* . ;; -n 5-7^ 

sin* sin* C 


.sin* £ sin* C»(l-cos* C) (1 — cos* 5)- (cos* A 

-|-cos* B cos* C4 2 cos A cos B cos C) 
— 1 — cos* A — cos* B - cos* C 

— 2 cos A cos B cos C 




it* 


sin* a sin* b sin* c 

^ ft ^ 


.sin* fl sin* ^.sin* C 




sin'' b 'sill* c 
sin A 


• it* 


1 

it 


sin A 
sin a 


[by (3)] 


sin a 


• • 


Proved 


CHAPTER III 


RIGHT-ANGLED TRIANGLES 

§ I. If a spherical triangle be a right-angled triangle in 
which say angle C= 7 r/ 2 , then the corresponding formulae 
are obtained by putting C = it/ 2 in the formulae we have 
already proved for a general triangle as shown below. The 
general triangle has six elements whereas the right-angled 
triangle has five elements, the sixth being known to be w/ 2 . 
All those formulae of the general triangle which do not 
involve the angle C will remain the same whereas those 
involving the element C will be changed as C will be put 
7 t /2 i,€. cos C=0 and sin C«l. The bold-typed formulae 
denote the corresponding formulae deduced from the 
general formulae written above them. 

I. cos r=scos a cos 6 -fsin a sin b cos C. (§ T9 P. 15) 

/• cos c^cos a cos b. ••«(!) 

3 . cos = — cos B cos C+sin B sin C cos a. (g 2T P. 17) 

.*• cos A= sin B cos a. •••(2) 

3 . cos B— —cos C cos A-fsin C sin A cos b, (§ 2’2 P. 18) 

cos Bsssin A cos b. 


4 « cos C= —cos A cos B-Hsin A sin B cosc. (g 2*3 P. 18) 

cos c=:scot A cot B. 


sin /I sin B sin C 
sin a “sill b “sin c 

t§ 3 P. 18) 

sin a=:sin A sin c 
and sin b=sin B sin c. 

6 . Consecutive four cot- 
angent formula 

cos a cos fls^sin a cot c 

-sin B cot C (§ 8 P. 25) 


A 
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cos B=stan a cot c. 


7- 

cos b 

cos 


= sin 

b cot r- sin A cot C. 




• 

# • 

cos A^^tan b cot c. 

8. 

cos a 

cos 


= sin 

a cot b - sin C cot B. 




• 

• • 

sin a Stan b cot B. 

9* 

cos b 

cos 

c= 

= sin 

b cot 0 - sin C cot A, 




• 

• • 

sin b^tan a cot A. 


In the next article we shall give a very simple rule by 
the help of which all the formulae would follow very easily 
without the aid of the corresponding general formulae. 

§ 2. Napier’s Rule of circular parts 

The five elements of the 
right-angled triangle are 
marked as they are but out- 
side the circle we have 
marked another set as 
follows. The elements 

adjacent to the right angle, 
i.e. a and b, are written as 
they are, but for the 
remaining three elements Fig. 51 

i.e. B, c and A we have written their complements i.e, 
77/2 — B, 77/2 — c, 77/2 -A outside the circle* 

Middle, "adjacents and opposites. 

If we choose any element and call it middle, then the 
two elements which are just next to it but on each side are 
called adjacent parts and the remaining two are called the 
opposite parts, if we choose 77/2-^ as middle, then 

a and 7r/2-c will be called adjacents whereas b and Tif2-A 
will be called opposite parts or if we choose as middle 
part then i and, 7 r/ 2 -B will be called adjacents whereas 
7T/2-C and 77/2-^ will be called opposite parts. 
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Napier’s Rule is as under : 

X. sin of middle part 

— product of tangents of adjacent parts. 

2. sin of middle part 

= product of cosines of opposite parts. 

The middle, adjacents and opposites are to be taken as 
explained. The above rule will give us all the formulae 
that we deduced from general formulae in § 1. 

Taking 7r/2-B as middle, we have 

sin 7T/2-/J) = tan a tan (7r/2-c) or cos tan <2 cot c 

(See § l-fi) 

or sin (w/2-B)*cos 6 cos (7r/2-/l) or cos B=sin d cos 

(See § 1*3) 


Again taking nj-l-c as middle, we have 

sin (7r/2-cl = tan {tt}2 — A) tan (7r/2- B) 

cos c=cot A coi'B iSee g T4) 

sin (?r/2 — cl«cos a cos b 

cos c^cos a cos b (V. Imp.) [§ I’l] 

Similarly we can deduce any of the formulae of g 1. 
Note, While doing the question of right-angled triangle. ^ 
students should draju a triangle in which they should write the 
elements adjacent to right angle as they are and write complements 
of the remaining three and then apply Napier^ s rule as explained 

before. 

Exercise 2. 

1 , In a spherical triangle ABC, in which /_C™n(2y prove the 
following relations : 


or 

or 

or 



tan^ 


a c-\~b ^ c-b 


tan* 


a 1 — cos '<2 
2 ”1 + C03 fl‘ 


(Benaras 57, Delhi 56) 
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Now in place of a we 
have to introduce c and b and 

as such we should search a 
relation between a, b and c 
and for this 7r/2-c will have 
to be chosen as middle and a 
and b as opposites and apply- 
ing Napier^s rule, i.e. sine of 
middle^ product of cosines of opposites, we get 

^"2 "''^“Cos a cos b or cos c=cos a cos h 



or 


cos 


cos c 
cos b* 


Abave relation is very important and will be used very 
frequently. 


1 - 


cos c 


tan* cos ^ cos i-co« c 

cos c~cos 6+ cos c 


2 


1 + 


cos b 


o . -f-c . c-b 
2 sm sm 


(b) tan* ~ 


2 cos --- cos ^ 
2 2 


« 

= sin (c^b) cosec {c-^-b). 

, 9 A 1 — cos A 

tan*-^ 

•2 l-l-coSi4 


2 ^4*f. c-b 

■— ,=tan-^ tan-^. 


(Benaras 53) 


Now in place of A we want c and b. Therefore choosing 
{■Trf2)- A as middle and b and (7r/2)-cas adjacents, we have by 
Napier’s rule 

sin — ^^=tan b tan or cos i4=tan b cot c. 
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. n A 1 ~ tan b cot c sin c cos b - cos c sin 'b 

J, tan® — =^T~r: — t ^ 7 ^ — i 

2 i-f tan 0 cot c sni c cos t>-i-cos c sin o 

_sin (c — b) 

sin (c-f 6)* 

(c) sin a tan {A{2)^ sin b tan lBI2)=^sin {a - b) (Sagar 59) 
Trio • 1 “ COS A . , J — cos B 

JL.H.b.= 5 m 0, — . - — sm 0. _ 

sm A sin B 


Now 


sin a sin ^_sinc 

sin A sin B 1 


• • 


C^7Tf2. 


L.H.S.=sin c 
s=sin c 


'cos 5 - cos A] 

[tan a cot c - tan b cot t] 

. cos c r sin a sin b 
=sin c .~. — — 

sin c Lcos a cos b 
sin a cos b — cos a sin b 


:l 


=cos c. 
a 


cos a cos b 


— sin (<3 — A;; V cos ^=»cos a cos b. 

(d) jin {c — a)^s\n b cos a fan {B\2)~tan b cos c tan {5/2j. 

(Rajputana 54, Lucknow 57) 

A'‘ou may proceed as above by putting the value of 
tan 5/2 etc. 

or sm (c— o) = 3in c cos — cos c sin a 


— sin b 

~sin~5*^°^ a -cos a cos 6. tan /»cot B 


=cos a sin 


r>”C03 5n 

L ' ^in5 ^ p.tan 


B 

'2 


Replacing cos a by we get the second formula. 

,, sin{a~b)_ A^B A B 
' ^ sin{a-\-b} • (Allahabad 1951) 


tan'ii^ tan 5 -cos i4 _ tan a cot c-tan b co t c 

2 cos 5-f cos A tan a cot c+tan b coFc 

sin a cos'^ — cos a sin b _sin fa — 6) 

sin a cos fc-fcos a sin 6~sin (fl+6)* 
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(Nagpur 54, Delhi 6o) 

Multiply both sides by 4 and change in double angles. 

2 (1 — cos c)={l — cos a) (l+cos 6 )+Cl-l-cos a) (l-cos t) 

= 2 (l-cos a C 3 S b)=2 (1 -cos c) : 

V cos f— cos a cos b, 

(g) iin* b -sin^ a Jin* b. 

(Lucknow 55, Sugar 52) 

L H.S.=--sin*fl+?in* /i- l+cos® c [Put co? c=cos a cos b] 
= sin* n+cos® a cos® A — (l-sin® b) 

=ssin* <z+cos® a cos® i-cos* b 
«sin® a “COS* b (1 — cos* a) 

=sin®. a -cos* b sin* a 


= sin* a (1 -cos* 4)=sin* a sin* b, 

(h) coj* ^ + coJ* c-coJ*a=coj* A foJ* c, 

L.H S. = cos* i4+cos* c-l+sin* a 

[Put sin fl=sin i4.sin c ] 

=cos* ^ + C05® c-l+sin* A sin* c 
=cos* ^ + cos* c-l+(l-cos* 4) (l-cos* f) 

= cos* A + cos* c - 1 + 1 - cos* A 

—cos* c + cos* A cos* c 


j=cos* A cos* c. 

(I) tan {Af2) sin a=:Jin c-cos a sin b. (Nagpur 54, 58) 

A 1 A 


A . 1 - cos A 

L.H.S. = tan -r sin a* 


sin a = sin c [i-cos A] 

sin A 

by sine formula 


sin c — sin c (tan b cot c) 

sin b cos c 


= sin c- sin f — TT • 




. sm b , 

s=sin c 7 cos a cos 0 

cos b 

sssin a- cos a sin b. 
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(j) sin{A-\-B)= 


(OS b -j-fOi a 


sin {A - B)^ 


J-^cos b cos a 

(Allahabad 51, Sagar 55, Nagpur 60, 

cos b — cos a 

1 - cos b cos a' (Delhi 58) 

Above follows from part (e) Q. 3 P. 41 hy putting 

Css7r/-2 and cos c=co3 a cos b. 

(h) jin (c 4 -a) ^i/i'(c-a) = jin® b cos^ a=cos^ A sin^ c. 

L.H S.^sin* c — sin* a=cos* fl — cos^ c 


«cos* a — cos* a cos* b 
=cos* a (1-cos* i)— cos* a sin* b 
or =sin* c-sin* <2 

=3in* c— sin* c sin* A [by sine formula] 

= 5in* c (1 -sin* ^)— sin* c cos* A. 


(I) iin {A-a) sin (AA-a)=sin^ A cos^ c. 
L.H.S.— sin* i4-sin* <2=sin* >4-sin* A sin* c 
=sin* A (1 - sin* c)=ssin* A cos* c. 


(m) 

cos* 


-•"•(^ 54 - 1 -). ?^ 

\ / / Sin B — si 


B 

sin b * 


f iK, l+cos(90 +O 1-sinc 


1 - 


sin b 

sin B sin B — sin b 


(n) sinssin{s-c)^sw{s-a)sin{s-b). (Delhi 59) 

by writing the value of tan C/2, where C=nlo 

(Page 21). 

(o) 2 sin* (c/2)=jin* h (<3-f6)+jin* * (a-fc). 

(Nagpur 57, Jabalpur 6o) 

2 (1-cos C)=l-C03 (a+i)+l-cos {a^b) 

2 (1 — cos c)=2 (I — cos fl cos i) 

which is true as cos £=cos a cos b. 

(p) ^rovs that in a spherical triangle ABC, 

tan b— ^ C+tan c co s A 

r^’tan a tan e cos A co^C (Sagar 51) 
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Draw BD J_ to i^C^dividing it 
into two parts a and ^ such that 
a-f j 8 = 6 . 


, ^ , tan a-f-tan B 

• . tan D 

i — tan a tan p 

Now CDS ^=tan a cot c. 

and cos Cretan /? cot a 


.( 1 ) 


B 



/. tan a=cos A tan c pjg^ 53 

and tan /3— cos C tan a. 

Putting these values of tan a and tan /3 in (1), we get 
the required result. 

Note* The question has already been done in Q. 9, 
P. 64 last exercise. 


2 , If oi, B drawn from light angle C respectively 

perpendicular to and bisecting the hypotenuse c, show that 

(a) cos^ <t =cos^ A-\-cos^ B. 

CD is the arc drawn from 
C perpendicular to AB where 
CD^v. and CE is the arc drawn 
from C bisecting AB, where 
CE==p. 

Let Z_ACD=^d, so that 
/_BCD^{7rl2)^e. 

Now in right-angled triangle 
ACD choosing ( 7 r/ 2 )- A as middle, we have 

sin {(ir/ 2 l-^}=co 3 a cos {Cw/ 2 )-^} 

cos ^ cos a sin •• 

Similarly from /^BCD right-angled at D, in which 
Z.BCD~{Trj2)^9, we have 

sin {( 7 r/ 2 )-B}=cos a. cos [(fl-/ 2 ) - {( 7 r/ 2 ) - 5}] 
cos cos a. cos B, 

Squaring and adding (1) and (2), we get 

cos* A -f- cos* B ^ cos* a. 


A 



Fig. 54 


or 


...( 2 ) 
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or 


or 


or 


(b) cot^ a = ror* a-\-cot^ b. (Raj. 55, Utkal 56* Punjab 52) 
Choosing /^ACD as middle, we have from 

sin {t7T/'2) -^} = tan a tan {l7r/'2)-A} 

cos di=tan a cot b » • ♦(!) 

Similarly from we have 

sin [(Tr/'i) - U7ri2)-6}] = tan a tan {(7il'2)-a} 

sin 0=tan a cot a . • .(2) 

Squaring (1) and (2), we get 

l = tan^ a (cot® a+col® b) or cot® a=col® a-f col® b. 

(c) ^t«® a sin* c=ssin* a + jin® 6-itn* c, 

„ . , , , sin a sin a 

By sine formula we nave .... 

^ sin B sin 90 

sin as=sin a sin B . . .(1) 

Again from A — V AC = (7r/2). 

® sin © sin c 


, . D sin b 

Sin B ^-. — 




• sin ^ / 1 \i 

sin a=siii a — [by (1)J 


sin c sin c 

or sin® a sin* c=sin* fl sin® ^ — sin® a+sin® 6 — sin®c. 

[by part (g) of \.\ 90) 

(d) sin* a. = tan AD ian DB. 

(Luck. 56, Nagpur 60^ Gi^Banaras 51) 

Choosing CD as middle we have from As ACD and 
BCD, 


sin a=tan AD tan {(rr/2)-^)}=*tan AD cot 0. 
sin a=tan DB tan [(jt/ 2)- {(7r/-2)- 0}) = tan DB tan 6. 
Multiplying, we get sin® a = tan AD tan DB. 

(e) sin* fl + iin' b^4 cos* (cj2) sin* /?. (Lucknow 57, 
Nagpur 58, Delhi 58, Agra 48, 59, Sagar 52) 


If Z_ CEB^<ji then /_CEA^Tr^4> and writing down the 
values of cos a and b and adding, we have as in Q. i P. 31, 
cos a+cos ^=2 cos )3 cos (c/2), V £5*5.4 *(c/2), . .(1) 


sin* /3.= l-cos* /3=1 - 


(cos a 4-cos b)* 
4. cos® (c/2) 


or 
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4 cos^ (c/*2) sin^ /3 

— '2 (l+cos c) — (co3^ a+cos® b-\-2 cos a cos b) 

= 2-co5- fl-cos^ /», V cos c=cos a cos ^ 

=(1— cos* a)4-(l — cos* 6)=sin* a+sin* b, ...(2) 
Jc^ a + cos 
stn^ b 

It follows by dividing square of tlj by (2). 

(g) JiV tf/2) (i + Jm* a)=iin* (3. 

(Agra 53, 58, 60 ; Delhi 60) 
We have proved from part (c), 

sin a sin b 


• • 


sin a= . 

sin c 

sin* (£/2 j (1+sm* a) = sin* (c/2) 


L 


sin* c + sin* a sin* b 


= sin* (c/2).|^ 


4 cos* (c/Z) 


sin* c 

(1 - cos* c)-l-{l - cos* a) (1 - cos* b) 


1 




4 Sin* (c/2) cos* (c/2) 

[1 — cos* a cos* ^ + J — cos* a — cos* b 

+CO&* a cos* 


sin* a-bsin* b 


— sin* (3 


4 cos* (c/2) 

Indepeadeat Proof of part (g) 

Since Z.C — (n'/2), 

A cos c =co3 a cos b ... (1) 
ACDB^^nlH 

/. cos a = cos a cos { c/2) - xj . ^ 

Z.CDAM^I2), ; 
cos b = cos oc. cos {^c/2)+x}. 
cos a cos ^ 

=cos* a (cos* (c/2) 

— sin*x} * 

s=cos* a {cos* x-sin* (c/2)} 


[by (2) of pirt (e)]. 



£^D<i/2-x B 



Fig. 55 
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V cos cos [A- B)—cos^ A-sin^ ZJ— COs“ B-sin^ A 

or cos c={cos* a cos® x — cos® a sii.® (cf 2 )] [by il)]. 

Now from right-angled A CED, cos ^=cos a cos x, 

1 -2 sin® tc/- 2 ) — CCS® p-cos® a sin® (c/ 2 ) 
or l-cos® / 3 =sii.® U/ 2 ) (2 — cos® a) 

= sin® (c/2) (l + l-cos® a) 

or sin® /S^sin® (c/ 2 ) ( 1 + sin® a). Hence proved. 

2. If the side C be a quadrant and S the length of the aic 
perpendicular to it from C, show that 

{a) cos* a-\-cos^ b. (Uikal 59) 

\{ AD =0. the w BO — n -/2 — a 
as AB= 7 tI 2 . 

From right-angled triangle 
ABC, we have 

cos b a=cos a cos 8 
and similarly from l^BCD, 

cos <1— cos {( 7 r/ 2 )-a} cos 8 
= sin a cos 8. 

Squaring and adding, 

cos* fl+co5* 8 =»co 5® 8 (cos® a-l-sin® a)=cos® 8. Proved. 

(b) cot* S^cot* A-\-cot* B. 

sin a=cot A tan 8 [from A ADC], 
sin {(7r/2)-a}=cot B tan 8 [from A BDC\ 

Squaring and adding, we get 

sin* a+cos® a^(cot® i 4 -pcot® B) tan® 8 
or cot® S=cot® ^d-cot® B. 

(c) sin* Z=^cot e cot where e, are the segments of the 

(Utkal 57) 

sin 8=cot 0 .tan a [from A ADC], 
sin 8=cjt «^.cot a [from A BDC]. 

Multiplying, we get 

sill® 8 = cot 6 cot <f>. 


A 
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4 . (a) If €==90° and 2 S =A + B + C, prove that 

A. aA* *0 a 


sin^ a 


sin^ b 


sin} c 


cos a cos b cos c 


^ iin® c . - e 
s=2 sin^ S. 

cos c 


or 


pin“ a cos ^+sin^ b cos n _ _ s\r} c _ q sin* i') 


C(;S a cos t) 


cos c 
sin* c 


cos 25. 


cosc 

2S = ^ + B+^i-2. V Z-C^^rrli. 
COS 2i-= -sin [A+B) and cos (=cos a cos h. 

(i-co==a)cosi+(l-cos*6)cosa=3in csin(^+«). 

fcosa4-c )S Al-cos a cos b (cos a + cos b) 


Sin* c 


= sin A cos B+cos A sin B. 

Now using sin formula w.th LC^rrp. and cos c=cos a cos b, 

(COS fl + cos b) (I -cos c)^s_^ C^sJj^CO^CO^ 
^ 


sin* c 


+ 


sin fl sin c 
sin cos o - cos b cosj 


or 


5 in c sin b sin c 

(cos a+co 5 b) Cl n >rn<. a + cos b) - cos r (cos_a_+cos_^ 

.. — . A c 


sm* c 


f cos a f cos (l -cosj) 


sin* c 


LHS=RHS. Hence proved. 

(b) In a 'spherical triangle ABC. the angle C=120°; 
show that if the arc of a great circle drawn through C to meet ^ 

at right angles is tan'^ 

cot^ a+coi^ ^ 

\Ve are given that arc 
C;V^x^tan-^ 

tanx — V*^/’^* 

Let ^ ACJ^^e 
so that /.BC.V- 1-20-0. 





Fig. 43 
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..( 2 ) 

..( 3 ) 


(by (2)1 


Applying sine of the middle =product of tangents of 
adjacents on ACN and BCN. 

Choosing^and 120° — 0 as middle parts 

cos ^=tan X cot b 
cos ( 12 O°“ 0 )=tan x cot a. 

We have to eliminate 6 between ( 2 ) and (3). 
cos 12t- cos 0-|-sin 120 sin ^=tan x cot a 

— i cos 6 +\/S !‘2 sin 0=tan * cot a 
l \/3 sin tan * cot ^+tan x cot a 
Put tan x = V 3/2 and square both sides, 
f (1-cos* e)=l (J cot* i+cot a cot 6+001* a) 

1 - tan* * cot* 6 = 1- col* 6+cot a cot 6+cot* a 

l=cot*6+cot a cot 6+cot* a [by (!'.] 

5. If 0 be the point of intersection of arcs AD, BE CF 
drawn from the angles of a triangle perpendicular to the opposite sides 
tneeting them at D, E, F respectively, show that 

tan A D tan BE tan CP 
tan OD' tan OE* ia^F 
are respectively equal to 

cos A cos B 


or 

or 

or 

or 

or 


1 + 


1 + 


or 


cos B cos C’ ' cos C cos A* 
sin i?i)=tan AD cot B 

[from A ^BD\ 
sin fiD=tan OD cot 8 

[from A OBD]. 

, tan AD tan B 
tan OD tan 8 

=tan Scot 6,,.(l) « 

Now sin{(7r/2)-BC} ° 

=lan {7r/2)-tf} tan {(7r/2)-C} 

[from A BEC] 
cos a=cot 8 cot C; 


cos C 



cos a tan C=cot 8 . 
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Putting in (1), we get 

tan AD d * r' n 

=tan D tan C cos a 


tan OD 


_sin B sin C /'cos ■^+co 5 B cos C 
~cos B cos^ \ sinj^sinC 


) 


cos A 


.+ !• 


cos B cos C 
Similarly we can prove other part. 

(b) Prove ihai 

tan BD tan CE tan AF=tan LC tan EA tan FB. 

(Bihar 6o, Nagpur 54, 58, Agra 1952, 57, 59# 61) 

sin OD = tan BD cot BOD [from A BOD] 
sin OZ;=tan DC cot DOC (from A COD], 

tan BD tan BOD 


Similarly 


tan DC tan DOC 

tan CE_ tan COE tan .^E ^ tan AO F 


tan EA tan EOA lan FB tan FOB* 
Multiplying and noting that A50i)=Z^0^ etc , we 

get the required result. I 

6. If two great circular arcs are drawn from C, one perpendi- 
cular to AB and other bisecting angle C and be the angle 

a — b 

~T~ A-B 

between them, show that tan if> ^ tan ^ . 

cos'.—^- 


In A FCD right angled at D, Z^BCD— g 


Right-Angled tr'anglcs 




or 


cos fi=co3 CD sin ( .f -f -/.Y 


Similarly from right-angled triangle ACD 

Q 

/_ACD = ~-Kfi^ we have 


in which 


cos /4=cos CD 


Si,l(^_0); 


cos B 
cos A 


_sin(|+^) 




Apply componendo and 


divide ndo. 


or 


or 


cos! g- c os A (Y+'^)-sin 

cos g + cos A . f c Tr \ 

='"(v+^J+sin 

o ^A' B . A — B c 

2 sin sin 2 cos sin 

9 „„ A-\-B A~B ~ c ’ 

2 cos -- - cos - 2 sin | cos 0 

A-B c 

‘ -|^=tan <t> cot 


Now by Napier’s Analogy, tan 

O _ • 


Q^b 


t • 


dl) 


cos 




Putting the value of tan ^ in (j) 


Cancelling 
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cot ^ we get the result. 

7. ABC is a great circle of a sphere; AA', BB\ CC are arcs 
of great circles drawn at right angles to ABC and reckoned positive 
when they lie on the same side of it; show that the condition that 

A’ B' C' should lie in a great circle 

tan AA’ sin BC->rtan BB' sin CA + tan CC sin AB=0. 

(Nagpur 56, Agra 48, Pb. 55. Sagar 50, Raj 59) 

In order that A^B^C 
lie on a great circle the 
arc C&A’ when produced 
must meet the great circle 
ABC. Let the two great 
circles meet at 0 such that 
LA'OA^Q. 

sinOi4 = tan^/l'cot0, 

sin 05 = tan BB’ cot 
sin OC = tan CC cot 9, 

tan AA' sin BC+tan BB' sin C^ + tan CC sin AB 

= tan e {sin OA sin BC + sin OB sin C^+sin OC sm AB} 

= tan e (sin (OB-AB) sin BC+sin OB sin CA 

+ sin t05 + 5C sin AB} 

= tan e {sin OB cos AB sin BC-cos OB sin AB sin BC 

+ sin OB sin C/l + sinOB cos BC sin AB 

+cos05 sin BC sin AB} 

[cancel 2nd and last term and take sin OB common] 

= tan e sin OB {sin BC cos ^B+cos BC sin AB +sin CA] 

=tan e sin OB {sin (BC+^B)+sin CA) 

=tan e sin OB {sin ylC+sin CA} 

= tan e sin OB {sin ^C-sin dC} = 0. Hence proved. 
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8 . (a) Jn a spherical triangle if B= ^ , and C~ , 

J J J 


show that a-^b f c= ^ * 


[Nagpur 59 , Agra 52 , 55 , 
Sagar 57 , Utkal 55 , 59 , Agra 61 , Punjab 52 ] 


By Napiers rule we have from 
right-angled triangle ABC, 


n 


COS -^s^tan a cot c 


and 


TT 


cos V — tan b cot c. 

(tan a+tan b) cot c 

. \/5-4-1 3+V5 

4 “ 4 



Fig. 60 


or 


sin a cos & 4-cos a sin b 
cos a cos b 


.cot 


3+V5 


or 


sin ,_3 + V5 

COS aco5b 4 — 


•..{ 1 ) 


Now we shall find the value of cot c. 


cosc^cot -^cot -^=-L cot — • 

5 3 ’ 


/. secc=V3tan 

6 




tan‘c=sec*c-l=3tan«|L-l=3 (sec* 


or 


tan* c=3 sec* 36®-4=3, 


16 

(V5+l)*~^ 


_18-JJ+2^,_4 (6_2V5) ^ V5-iy 

V5+lj 


• • 


(V5+I)’' (V5+1)* 

tan £= 2 .:^^^, 

Vo+1’ 


=(2. 
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A cot c= i 1 (V5 + l)^ 3+V5 

2 V5-1 2 5-J ” 4 ’ 

Putting the value of cot c in (1) and replacing cos a cos b 
by cos c, *.• Z.C=7tI-2, 

. sin ffl + Z.) 3-fV5 3+V5 
cos c ' 4 ” 4 

sin {a~{ b)=cos c=sin (77'/*2-c) 
a + b=TTfl—c or a+b-\-c—7Tll, 


Hence proved. 

(b) If ABC be a spherical triangle right-angled at C and 
cos A^cos^ a, show that if A be not a right angle, b-\-c=nl2 or 
37rl2 accoeding as b and c are both less or both greater than 7r/2. 

[Nagpur 58, Agra 57] 
C=7r/2, /, COS c=cos a cos b. 

cos ^s=cos* a (given). ...(1) 

A cos a - cos b cos c 
sin b sin c 


Since 

and 

Also 


or 


cos* a 


cos a — cos b . cos a cos b 

* 

sm A sin t 


[by (1)] 


, 1— cos*fc sin ^ cos c sin 

.. cos <2= . 7 — : — — or — » 

sin b sin c sin c cos b sin c 

A sin c cos f=sin b cos b or sin 2^“5in 2c; 

/, 2b=2c or TT — 2c or Sw— 2c. 

If 26 = 2c, then 6=c, A but C=W2, therefore 

5 = 77 / 2 , and a triangle having two right-angles is not possible. 

If 2b=7r —2c then b-{-c=iTf2. This will hold good when 
both b and c are less than 7r/2. We cannot say that b=^-rrl2 
and c=0 as c=0 is meaningless. 

If 2^=377 — 2c, then i+c=37r/2. As any cf the sides of a 
spherical triangle is not greater than tt, hence the above will 
hold good if both b and c are greater than njl. 
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(c) If 2 s^a-\-b-\-c and prove (hat 


sin s sin {s-c)^ 5 in U — a) siti.(s^b). 


tan 


H 


sin U — sin (i — A)?*'* . ^ i * 

. - > =lan . =1 etc, 

sin i.sin S T 


g. (a) OX and QIC are two great circles of a sphere at right 
angles to each other. F is any point in AB another gnat circle. 
OC {=p) the arc perpendicular to AB from 0 , making the angle 
COX (^cx.) with OX PM, PH are arcs perpendicular to 
OX, OT respectively. Show that if OM—x and OH=^y, 


cos a tan x-{-sin a tan y=(an p. [Punjab 43, Sagar 569 
Agra 53, Rajputana 54^ Vikram 59, Nagpur 60] 

Let OP—r and A.POA=^B. 

From right angled triangles 
OMP, ONP and OPC, we have 
cos ^=tan X cot r, , . .(1) 

sin tan y cot r . . ,(2) 

V /_POH=n{-i~e. 

As the two great circles OAT 
and OT are at right angles 

and cos (x-d)=atan ^ cot f Fig. 61 

or cos « cos ^+3in a sin ^ = tan /> cot r. ...(3) 

Putting the values of cos 9 and sin d in (1), we get 
cot f {cos a tan *+sin a tan j}=tan p cot r 
or cos « tan x-j-sin « tan ^=tan p. Hence proved. 

(b) The position of a point on a sphere with reference to two 
great circles at right angles to each other as axes is determined by 
the portions $, of these circles cut off by great circles through the 
points and through two points on the axes each 7 rf 2 from their point oj 
intersection. Show that if their points { 9 , (f>), ( 6 \ 
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lie on the same great circle, 

tan 4* (tan $'~tan Q*) f /an (tan 6^ -tan 0) 

+ /an 4>^ (tan 6 - tan 9')^0. 

[Delhi 59, Lucknow 40] 

Let X and T be two points 
on the two great circles inter- 
secting at right angles at O 

such that OX=OT^tt\2. 

Let P be any point on the 

XP and TP to 

meet the great circles OY and 

OX in N and M respectively, so 

that OM =0 2.ndON—4. 

Now clearly X is the pole Fig. 02 

of great circle OX, therefore PN 

is X to OY and similarly PM is perpendicular to OX. Again 
if p be the length of perpendicular from O on the great circle 
on which P Hes and a the angle it makes with OX, then as 
proved in part (a), 

cos a.tan ^+sin a tan ^^=tan ...(1) 
Here d=x and 4>^y of part (a). 

Similarly cos a. tan 0' + sin a tan tan p . . .(2) 

and cos « tan d'+sin a tan <^*=stan p, . . (3) 

as (B\ <h') and {6*, lie on the same great circle on which P 
i.e. {0, <i>) lies. 

Eliminating a and p, we have 


tan 0 

tan 4i 

1 

-0. The 

determi- 




nant when 

expanded 

tan 0^ 

tan 

1 

gives the result. 

tan 0" 

tan 

1 




(c) If a point on a sphere referred to two great circles at right 
angles to each other as axes, by means oj the portions of these axes 
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cut off by great circles drawn through the point and the points on the 
axes each 90^ frorti their intersection, show that the equation to a 
great circle is tan d cot a-\-tan cot /3= 1, 

(Nagpur 47 , Benares 57 ) 
We have proved in part (a) 

that 

cos 0 tan 0 +sin tp tan ^ = tan p 
where ^ is the arc perpendicular 
to AB from 0 and ^ the angle 

which the perpendicular makes 
with OX, 

Now from right-angled A Fig. 63 

AOL, we have 

cos ^ = tan /J.cot OA 
and from right-angled A BOL, we have. 

sin ^>=tan p cot OB. 

Putting the values of cos tp and sin tp and cancelling 
tan p, we get 

tan 6 cot 0^4 + tan ^ cot 0B = 1 . Hence proved. 



CHAPTER IV 
SPHERICAL EXCESS 


§ I. Spherical Excess. 


If A, B, C be the angles of a spherical triangle, then 
the quantity — tt denoted by E is called the 

spherical excess of the triangle ABC, 


or 



§a- 

sin 


To prove that 

E {sin s sin (s - a) sin (s — b) sin (s — c)p /2 
2 2 COS a(2 cos b/a cos c/a 


Sin 


and sin 




Wi 

ws 


-cos S cos 
sin B sin C 
— cos S cos {S- B) 


sm A sin C 


sin —.sin 
2 


2 


-cos y 
sin C 
cos S 
sin C 


I 
i 

vs 


cos (S — A) cos {S~B ) 
sin A sin B 


i 


cos Y (§ 5-2 P- 22) 


• • 


or 

or 


sin (a/2) sin {bf2) si n C 
cos cjZ 


-cos S 




sin fa/‘2) sin bfl) 2n —sin ^ 
cos cfl * sin a sin b 2 

sin ia/2).siii (bl’2).Qn =:sin — 

cos lc/2;.2sin tfl/-) cos (fl/2) 2 sin t/>/2j cos (^/2J 2 
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or z'ln ^ _ (sin 5.sin (i — fll sin (i- f>) sin (■?- 

*” cos (a f j) C06 (bjl) cos {c{^} •••(-) 


V n®=sin s sin (s-a) sin (i — 6) sin (j-c). 

Alternative Method* 

£ A B -i- C — TT 


(P. 21) 


. h . f 
sm ~=:sin f 


\ . /A-\-D 7t^C\ 

r-^) 


— sm 


AA-B . C 


Now 
. A-\-B 


2 ' 


A + B C 
cos . 


sm - 


o 


CO 




A-\-B 

cos — ^ — cos 


cos c/2 cos r/2 


and 


sin C/2 


f-f?) 


cos f/2 

(§ 10 P. 30) 

, E sin C/2. cos C/2 ^ f'a-b\ Cd+^\) 

•• "■''¥= — 2 -;j 

_sin C sin (a/2) sin bf2 2« sin a/2. sin bjl 

cos r/2 sin a sm b' cos c/2 

where n*=3in ^ sin C^-o) sin U-i) sin (^-c). [P-21] 

Now change sin a and sin b into half and put for n’* and 
we get the required result, 

§ 3 * To prove that 

i/a 


tan 


f = [tan ± tan tan tan 


tan 

. /^ 4 -Z? 7 T-C\ 

sin 1 (i4H-B4-C — tt) V 4 4 / 

2 cos i (d+fi+C-TT) 


7 r^C\ 

cos( 


sln(^)-s,n(^) 


COS 


o CO- 

s n *-sin y ° 2 2 sin (*/2-j/-2) 

2 cos cos 


COS *-pcos ^ 


2 


2 


lOS 


spherical Trigonometry 




— cos 




^ r 

cos — I cos 
sin f [cos (“-±^j+cos 

K sin s sin (i-c) 

“^sin (j-a}sin {s-bjy 


by § 10 P. 30 


. a~b+c . c-fl4-^ 
2 sin — - — sm — z — 
4 4 

- a + a-\-b-c 

2 cos r— cos : 


^ C sin J sin (^-t) ( ‘2 ) ®'" ( 2 ) 

”” {sin (J — a) sin {s-b)y 


s j — c 

cos . cos 


s s 

Now write sin J as 2 sin — cos etc. 


••• ‘a" f = [‘an ^ tan tan tan (^")j 




Alternative Method. 

E 244-5 + C-7r 
2 ” 2 


.4 4-5 TT fC-E\ 
- 2 2 )' 


♦ • 


2 


• • 


. A^-B C-E , AA-B . C-E 
sin — ^ssscos and cos — ^=*3in — 


Putting the values of sin and cos in 


2 

De Alembert’s Analogies given in § 10 P. 30, 


cos 


C-E 


cos 


^a-b\ . C-E /a+^\ 

{—) , ~2- 
and 


J 


cos c/2 cos r/2 sin C/2 cos r/2 

Applying componendo and dividendo and simplifying, 
we get 
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and 


tan j tan — __:^==tan tan ^ 

. E s-c 

tan — cot — : — —tan r/2,tan — 

A 


4 ”• 4 

Multiplying the above results and taking square root, 
we get the value of tan (£/4) as given. Again dividing the 
above results and taking square root, we get 

tan ==|tan ~ tan cot j/2 cot ^ j . 

§ 4* To prove that ■ 

cos ~ — ^ -f cos g-hcos ^H-cos c 
2 4 cos fl/2 cos 6/2 cos c/2 

cos* a/2-t-cos^ /’/■2-f cqs2 * 1 


E 

cos ~=COS 


^ « 

2 cos cos cos r/2 

c . . A-{~B 

2 * 


A-\-B 
cos — 


• o 

“J 7 +sin — 7 ^ — cos 


2 • — * ‘2 

Now using De Alembert’s analogies of § .0 P. 30, we get 

^ 1 r" I t. ® 


COS 


2 


= -^;r 

cos f/2 L 

r^r 


cos , sin* — + cos cos* 


a b 
COS — cos 


o_- b 

2 

C 


, ■ o . b 
+sin — sin 


r 

cos r/2 1_ 


I] 

^(cos«^ + sin»£) 
(cos>f-sin»,^)] 


cos , cos ^4sin sin 4 cos C 


0 


2 ‘2 • *2 2 
MulUplying above and below by 4 cos a/2 cos 'i/2, we 'get 

COS 7t-*2 

^ 4 cos a/2 cos bfZ cos c/2 

X[(l+cos a) (1+cos A)+sin a sin b cos C], 


no 
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E 1 

(^OS — 

2 4 cos ajA cos bjA cos cjA 


E 

cos ^ = 


X[1 -f cos fl+cos- 64-(cos a cos b 

+sin a sin b cos C)], 

1 n — n [1+cos o+cos i+cos c]» 

4 cos ajA cos bjA cos c/2 »- * ' 

...( 2 ) 

Changing cos a into 2 cos® (a/2)—], etc , we get the 
second form. 

Again we have proved in § 2 result 2, P. ]07 that 

n 


. £ 

gifj — 

2 2 cos a /2 cos bjA cos c /2 


and dividing by ( 2 ), we get 


2n 


E 

tan , 

2 l + cos a+cos a + cos c 

Another form for tan E/2. 

\Xe have already proved in § 2 Result 1 P. 96 that 

. E sin a/2 sin 4/2 . ^ 

sin rr*= — r -; — - sinC . 

2 cas f /2 

Dividing (1) and (4), we get 

E sin a/2 sin bf'2 sin C 


...(3) 


.. (4) 


2 *^C03 a/2 cos 4/2-|-sin a/2 sin bjA cos C 

§ 5 . To find the values of 

sin £/4, cos £/4 and tan Ej^. 

We have proved in § 4 that 

E 1 -1-cos a-bcos 44 -C 05 c 
cos cos a/2 cos bjA cos cfA 

co‘® a/2 + cos® 4/2 -f- cos® c/2-1 


...(5) 


2 cos a/2 cos 4/2 cos c/2 


Now 


sin®^ = i (1 — cos £'/ 2 ) 
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cos fl/2 cos bjl cos c/2-cos2 al2 

- c^s“ bf- } -cos^ g/' 2 +l 

•i cus cos bj.i cos r/2 


-i Cus aj^l cos of A cos cf^l 

_ sin4 sin(£^‘-)sinf-/)sinf-^) 

cos <2/2 cos bj-j. cos c(Z ’ 

Similarly 


« £ 

cos 2 _ = i (l-f-cos E) 


2 cos <2/2 cos bl2 cos c/2+cos2 <2/2+co5* bf> 


I 

4 cos <2/;^ cos bj2 cos c/2 


H-cos* c/2—1 


- - I- S/S/^ V/W 

c- ('f ) 

cos a{2 cos bjl cof c(’2 

.-. tan= f =tan4 tan '> tan t.n 




^- rf the angles 0/ a spherical iriansle be togel/ur equal to 

four right angles, show that ^ 


[Alld. 50, Lacknow 56] 

^ + 5 + C=27r, /. E^A^B-\-C-n^TT' • 

2 2 

Now cos - =0 and hence we get the result from S 4 

P. 109 . ^ ’ 

Q. 2 r(br is given at P. 70 

a* If a=b=— and c=~ , prove that E-cos-^ J. 

[Raj. 58, Luckoow 56, Agra 48, 56] 
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cos- = 


1+cos fl-hcos fc + cos c_ 2V2 

^ a b c <3 
4 cos — cos — cos — 


(§ 4 P. 109) 


cos £=2 cos® Y ~ 1—2.1 - 1 


z 

0 • 


See also Q. 31, P. 79, 

E E 

3- If = ^ .find the values of sin and cos - 

Putting C = -J in § 2 Result (1) and § 4 Result (1). we get 


. E 
sm ^ 


a b 

sin Y sin -Q 
» 

cos-f 


and cos ^ = 


<2 b 

cos — cos -2 


4. lfa=^b and Z. C == y , 


jtn^ a 
cos a' 


•. a . b 

E “2 2 

From Q, (3), we get tan y = 


fl b • 

cos - CCS -2 


tan 


2 tan 2 

1 - tan“ I 


j 6 ^ ^ 

2 sin 2 sin cos “iT 

cos® cos® y - sin® y sm® y 


i (fin a sin f») 


f [(i-t-cos a/u+cos *)-U-co 3 a) U— CDS b)\ 
2 sin a sin sin® a .. 


2(cosai-cos b) 2 cos a 
c. If the angle C be a right angle, show that 

_ sin^ a sin” b 

cos Ess -j- — T-, 

cos a ' cos b 


jin® c 
cos c 


VV^ V 

[Agra 50, Sagar 57, Allahabad 58, Rajputana 59] 
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We have to prove that 


cos A cos a cos c 


or cos Ess 


cos a cos b sj,,3 ^ 

co s t (1 -co s^ a) hcos a (1- cos» b) cos a cos b 


CJS a cos b 


• a 


TT 


1“C0S® c 


. 1 * Cos c=cos a cos b. 


__ tcos a+cos M-cos a cos b (cos a +cos b) 

I - coP~c 

_ (cos Q+COS b) (1 — cos d_C0S <2 + cos b 
l~COa* c l+cos c 

Now from Q. 3, cos £/o^ggL(W'2) cos_m 

cosif/2) ''hen C== (77/2). 

£^2 cos® cos® \bj2 )-^^ iejo) 

' ■ Cos® (Cj'^i 

_( l+co ? a) (1 + cos ^)-()+cos c) 


cos 


1 -hcos c 
_c^s <2 + cos b 

l-fcosc Hence proved 

7. A, B, Care the angular points of a sbherimJ 
* rM/jrc^iu^/y the middle points of the etbosiu 

If E be the spherical excess of the triangde, show that 

cos — A'B '_cos C'A' 

2 coi (c}2) cos (al2) coi (bj^f 

cos A'R> f n^ Ikn^ 44, Hajputana 56) 

COS A D «COS {of l) COS (6/2) ^ ' 

+sin (<j/2) sin (6/ -) cos C 
. cos A*B' 
cos (cl2) 

cos (fl/2) cos (i/2)' 

4-siii (a/-2) sin (i /2^ cos C 

cos vc/2j 

E 


• • 


cos 


[by § 1(1) p. 109] o 


The value of cos (£/2) as in 
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§ 4 can also be shown to be 

cos lbl2) cos (f/2)+sin (bfO.) sin (c/2) cos ^__cos B'C' 

cos [af-J) 'cos~i^) 

Note. See O. 5 (a) P. 51 . 

8 . Prove that the spherical excess of a triangle ABC *5 less 
than, equal to or greater than two right orgies according as the 
expression I-^-cos a-\-cos b-\-cos c is greater than, equal to or less 
than zero, 

lA-cos a cos b+cos c 

1 (a}2) cos (b}2) cos (c}2)' 

(Jabalpur 58, Sagar 52) 
Now the sides of a spherical triangle are each less than 
tt; therefore cos (fl/ 2 ), cos ib}2), cos (c/ 2 ) are all positive. 

Hence if l-fcos a-fcos ^-hcos c is +ive, ie. >0, then 

cos E!2 > 0 or E}2 < ^(2 ue. £ < tt or 2 right angles. 

Similarly, if 1 +cos a+cos A+cos c is <0; then 
‘ then cos £/2 < 0 or £/2 > irfl or £ > tt or 2 richt angles. 

9 , Prove that the sum of the angles . of a right-angled triangle 

is less than four right angles. 

2 cos (c/ 2 ) 

(§ 4T P. 109) 

or cos£/2= + iveasisQ. 8 , E{2 < rr {2 or E < n 

or ^ + £ + C- 7 r< ^ or A-\-B^-C < 277 i.c. 4 right angles. 


CHAPTER V 

SMALL VARIATIONS 


§ 1 . Sometimes we are given that some elements of 

a spherical triangle undergo small changes by a known 

amount and some elements remain constant and we are 

required to find the corresponding changes in the other 

elements. For this we should write a relation between the 

elements which are either constant or which vary by 

known amount and the element whose variation is to be 

determined. The required variation is obtained by differen- 
tiation. 

I. (a) If the elements a, b. c, A of a spherical triangle ABC 
receive increments Aa, Ab, Ac and AA respectively, then show that 

da = cos C Jb-f cos B dc + k sin b sin c AK 
. , sin A 

where h——. - and two similar relations. 

(Lucknow 1939) 

The formula involving a b, c, A is cosine formula 
cos a=cos b cos c+sin b sin c cos A. 

Differentiating, we get 

-sin a -sin b Ab cos c-sin c Ac cos b 

+COS b Ab sin c cos cos c Ac sin b cos A 

— sin b sin c sin A AA. 
sm a ^a = (3in b cos c-cos b sin c cos A) Ab 

+(sin c cos 6 -cos c sin b cos A) Ac 
H-sin 6 sin c sin , .( 1 ) 
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Now by sine-cosine formula § 0, 

P. 23, we have 

sin a cos Cj=5in b cos c 

-cos b sin c cos A 
and sin a cos 5»sin c cos b 

— cos c sin b cos A. 

Hence from (1) we get 
/. sin Q A(i = s'in a cos C Ab 

-fsin a cos B Ac 
-f sin b sm c sm A AA. 
zla— cos C AbA-cos B Ac-\-k sin b sin c AA, 

sin A 



sm a 




...( 1 ) 


In a similar manner by writing the values of cos b and 

cos c and proceeding as above, 

/Jb^cos A dc + cos C + c sin a AB, • • .(2) 
Jc^cos B Ja+cos A Jb+k sin a sin b AC, , • .(B) 

(b) If a spherical triangle receives a small change which does 
not alter the sum of its three angles^ show that the alteration in the 

lengths of the sides must satisfy the condition 

Aa sin (S-A)-\-Ab sin {S-B) + Ac sin (S~C) = 0 
where 2S = A+B+C. ,.(Agra 55, Rajputaoa 59) 

We are given that 

aa-\-ab+ac=^o. 

Now write down the values of Aa, Ab, Ac as in (1), (2) 
and (3) of part (a). Multiply (D by sin ^ and (2) by sin B 

and (3) by sin C and keeping in view that 

sin b sin c sin A^s'm c sin a sin ^=sin a sin b sin C, 
we get on adding the results thus obtained and putting 

AA + AB-i-AC^^^O, 

Aa {sin ^-sin B cos C-cos B sin C}A-Ab { )-\-Ac{ )-0 

or Aa {s\n A -s\u.{BA-C)}-\-Ab { }-i-Ac [ }=0 
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or Aa ^2 cos sin {}-\-dc{ }=0. 

Cancel —2 cos 5 and replace by 5 — /I. 

/, Aa sin {S ~ A)‘^Ab sin {S — B)-\- Ac sin (5 — C;=0. 

(c) In a spherical triangle^ if C and c remain constant while 

a and b nceioe the small increments Aa and Ah respectively^ 
show that 


Aa 


Ab 


sin A 


si,,‘ + whfu ^ 

(Lucknow 50) 

Here we should write the relation involving < 2 , c and 

C i. €. cos c— cos a cos ^-J-sin a sin b cos C and hence 
from part (a) result 3, we have 

dr = cos B ^a+cos A Ab-\-k sin a sin b AC. 

Since C and c are constants, Jc=0 and JC=0. 

A cos B dfl+cos A di=0, 

Aa Ab 


or 


or 


Vll-sm* B) 

_ Ab 

/' • .It A*— 0 . 




Vtl-A* sin* sin* b) 

a- (a) If the elements A, B, C, a of a spherical triangle ABC 
receive increments AA^aB, AC and Aa respectively, then show that 
AA^-cos c AB~cos b sin B sin C Aa, 

where k=-— and two similar relations. 

Q 

The formula involving A, B, C and a is supplemental 
cosine formula 

cos /I = -cos B cos C+sin B sin C cos a. 
Differentiating, we get 

-sin A J^=(sin B aB) cos C+(sin C dC) cos B 

-1-cos B AB sin C cos a-fcos C AC sm B cos a 

— sin B sin C sin a Aa 
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or —sin A J^=(3in B cos C+cos B sin C cos a) AB 

-f-(sin C cos B+cos C sin B cos fl) AG 

— sin B sin C sin a Jji. 

Ws have written in Q. 1 by using sine-cosine formula 
the relations 

sin a cos Cs=sin b cos c-cos b sin c cos A 
and sin a cos B=sin c cos ^ -cos c sin b cos A. 

By using the property of polar triangles, i. e. replacing 
a by 7T — A etc. and by rr — a etc., we get 

— sin .<4 cos — sin B cos C — cos B sin C cos a 
and —sin A cos b^ —sin C cos B — cos C sin B cos a. 

/. —sin A J^=(sin A cos c) JB+(sin A cos b) AC 

— sin B sin C sin a Aa 

or A A — cos c JB-cos b JC+sin B.sin 

• -- sin A 


sin a 


^k. 


In a similar manner by writing the values of cos B and 
cos C and proceeding as above, 

JB= —cos a AC — cos c ^^+sin C sin A,{\lk).Ab» 
AC= -cos b AA —cos a jB-fsin A sin B.(l/A) Ac. 

Note. The above formula could directly be obtained 
from the corresponding formula of Q. 1 (a) by replacing a by 
tt — A, a by TT-aand by replacing by —AA and ^^4 
by — Ja and so on. 

sin i4 sinfrr — a) sin <2 1 


and 




sin a * sin(7r — ,^) sin ^ k 
(b) Under what conditions can a spherical triangle under- 
go a small change such that A^= — Ab=^AA=^AB=0 while Ac and 

AC are not zero ? 

From Q. 1, putting 

Ja=cos C /16-l-cos B AcA-^ sin b sin c AA, 

0=0-|-cos B Ac-\-0 [by given condition]. 
Now Ac^O; cos B=0j t. e. B=7r}'2. 
Similarly writing for Ab, we get i4=77’/2. 
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Again from Q. 2 by writing the values of AA and AB 
and proceeding as above we shall have 

a=jT /2 and b = 7Tf2. 

3 . In a spherical triangle ij C and c remain constant, deter- 
mine the relations between the variations of any othtr pair of 
elements. 

We know that there are six elemenis in a triangle out 
of which C and c are constants. Hence the remaining two 
are to be chosen from a, b, A and B. W e can have 

6 pairs out of these four elements. We are required to 
find the relations involving the small variations of these pairs. 
As already stated we shall write a relation between the 
elements which are constant and those whose small varia- 
tions are to be foupd. 

(i) Belation between variations of a and b when 
c and G are constants. 

cos c=cos a cos t-f-sin a sin b cos C. 

Proceeding as in Q. 1 but here keeping in view that 
c and C are constants, i.e, Ac and AC are zero, we get 

cos B ^a-j-cos A Jb^o. 

(ii) Relation between a and A when c and C are 
constants. 


sm a sin c 


sin A sin C* 

Taking log and differentiating, we get 

1 1 


i 


Sin a 


.cos a Aa — 


sin A 


COS A AA^Q 


or cot a Ja— cot A A A, 

(iii) Relation between b and B when c and C are 
constants. 


cot b db:=rcot B AB as in (ii). 
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(iv) Relation between A and B when c and C are 

constants. 

cos C= —cos A cos B+sin A sin B cos c. 

Proceeding as in Q. 2 and putting and JC=0, 

've get , 

cos b jA-f cos a JB=o* 

(^) Relation between a and B when c and C are 

constants. 

Applying the formula of consecu- 
tive four choosing the four elements 
to be C, a, B and c, we get 
cos a. cos B=sin a cot c — sin B cot C. 

Differentiating, keeping in view 
that c and C are constants. 

^ d 

-sin a Jfl cos B-sin B JB cos a Fig. 66 

— cos a Aa cot c— cos B AB cot C. 

(sin a cos B+cos a cot c) Aa 

= (cos B cot C— sin B cos a) AB 
cos a cos c-hsin a sin c cos B 



• e 


or 


sin c 


Aa 


cos B cos C — sin B sin C c^s a 


sm C 


AB 


or 

or 

or 

or 


cos b . cos A ^ _ 

^ — = JB 


sin c 


sin C 


L A Sin C A 

cos 0 — r— TV cos A JB 

sin C 

cos b Aa^ — : — cos A aB 

sm B 

cot b sin B da+cos A AB ^o. 


[sin form] 


(vi) Proceeding as above we can find a relation 
between b and A. 

cot a sin A Jb + cos B dA^o. 
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4« In a spherical triangle if A and C remain constant, 
prove the following relations connecting the smalt variations of other 
elements ; 


(t) 

sin C Ab^sin a AB, 


sin 

C 

Ab^ 

— tan a 

AC 

(Hi) 

tan C Aa -=sin a AB, 

(iv) 

tan 

C 

Aa = 

— tan a 

AC 

(v) 

cos C Ab = Aa, 

(vi) 

cos 

a 


-AC. 


(i) 

b and B, A and c. 





A 


Use 

consecutive four formula. 







(ii) 

b, C. A and c. 




c/ 


\ 

\ 

Use 

consecutive four formula. 

1 



/ 


\ 

(iii) 

a, B, A and c. 




[_ 



Use 

consecutive four formula. 



6 




(iv) 

a, C, A and c. 




1 

"ig- 07 



Use sine formula and take logarithmic differentiation. 

(v) a, b and A, c. 

Use cosine formula and proceed as in Q. 1 or putting 

AA^Q and Ac=(} in Q. l we get the result directly. 

(vi) B, C and A, c 

U?e supplemental cosine formula and proceed as in Q 2 

or putting and Ac=0 in Q. 2 we get the result. 

5- , Supposing b ani c to remain constant, prone the followino 

equations connecting the small variations of pairs of the other 
elements ; 


(0 


tan C AB=tan B AC, (ii) cot C ^afs,n a AB=0 
(tt.) Aa=s,n c sin B JA, (in) sin B cosC AA^-sin A AB^ 

6 In a spherical triangle if B and C remain constan 

prone the following relations connecting the small variations of otk, 
elements ; ^ 



tan cAb=t<‘nbAc, (U) cot c AA=sin A Ab, 

AA-sin b stn C Aa, (in) sin B cos c Aa=sin A Ab. 
In any spherical triangle, prove that 

cot A AAA-cot B AB^cot b Ab-^-cot a Aa, 
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We know that sin A = ksin a. 
Taking log and differentiating, we get 


cos A AA=0~\-~^ 
A SI 


cos a Aa 


sin A sm a 

or cot A AA = cot a Ja. 

Similarly cot B AB=^coi b Ab, 

Adding the above we get the required result. 

8. In any spherical triangle, show that 

sin a AS^sin C Ab-‘Sin B cos a Ac — sin b cos C AA, 
The formula involving B, c, 

A, b is that of consecutive four, 
cos c cos i4=sin c cot b 

— sin A cot B, 

Differentiating, 

— sin c Ac cos A — sin A A A cos c 
= cos c Ac cot ^ — sin c cosec® b Ab 

— cos A A A cot B 
-f- sin A cosec® B AB, 

sin A 



sine .. cos c cos ^-1-sin ^ sin c cos ^ 

aB = Ab — = 


+ 


sin b 

cos A cos B- sin A sin B cos c 


sin B 


AA 


* sin a . n _sini_ _ cosa co^C 
Ac> — _:_2l^^ cin b ksinb 


sin® b “ sin® b 
Multiply by k sin® b. 

sin a AB=k sin c Ab-k sin b cos a ^c-sin b cos C AA. 

Replace k sin c by sin C and k sin b by sin B. 

sin a AB^sin C Ab-s\n B cos a Jc-sin b cos C AA, 

9. In determining H {hour angle) a sailor makes error 
Az in Z (zenith distance) and Ah in h (latitude); show that the error 

in H is given by 

AHsscot A sec h ApA^^ec h cosec A A^, 
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cos ^=3in <}i sin 8 

+COS <f> cos h cos H. 
Taking differentials, S being 
constant, 

— sin z Az~cos <fi A<f) sin 8 

— sin 0 cos 8 cos H 
— cos ii cos 8 sin H AH, 
•\ cos <fi cos 8 sin H AH 



-bsin ^ Az Fig. 69 

=sin c cos A sin ^ Az by sine-cosine formula. 

sin ^ cos ^ ... sin ^ 


AH=^ 


cos </» cos 8 sin H 


A 4 > 4 - 


or 


8 be 


cos </» cos 8 sin H 

Now by sine formula, ^ 

sm H sin A' 

Putting in above, 

^„_ cos^ 1 1 1 

cos sin A cos ^'siii A 
AH— sec cot A ^ 0 -|-sec cosec A 
xo. // in the spherical trianoU ?ZX of O Q a. 

constant prove that -cos A ^ 

The relation involving 4., H, S, is of consecutive four. 

Arj=:~f ^ ^?+s in // sin 77 ?in S\ 

V sin 77 J 

^ sin 17 

supplemental cosine 

formula 

Sin (90 — <^) 

■" sirT^ ^ by sine formula 

= - cos <h cos A cosec z^AH. 


sin H 
sin^ 17 
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II. In the spherical triangle P^X 0 / Q,* ‘A and 8 are 

constants ; prove that AA= — (Jin <f> — cos cot z cos A) JH. 

Here we should write down the relation of A, <f>, H 
and 8. 

cos {10— 4>) cos // = sin (90-^) cot t90 — 8) — sin H cot A. 
sin <f> cos H —cos <f> tan 8 —sin II cot A. 

— sin ^ sin H AH —cos H AH cot -4-|-sin H cosec* A AA ; 


. sin H . , cos H cos — sin H sin A sin 

.. A AA = - X AH. 

sm^ A sill A 


AA^ 


sin 


(-cos Tj). JH by supplemental 

cosine formula 

sin^90-8) .j. cos 8 cos 13 „ 

*= - — ' COST! AH— ^ AH 

sin.^ ‘ sin z 

Now by sine-cosine formula, we have 

sin (90 - 8j cos T^^^sm z cos (90— <^)— cos z sin (90— i^) cos A 

or cos 8 cos r/sssin z sin <t>-cos z cos d) cos A ; 




sin ■; sin «^-cns z cos cos A 


bill Z 

s=8 — (sin <^ — cot z cos 0 cos A) AH, 

X2. By refraction z is decreased by an amount k tan z, and da 
A remain constant ; prove that 

(i) Ah=Ktan z cos ly, (it) AH^ -k tan z sin rj sec 8, 
(lit) Ar)=^^ Z tan 8 sin ri 

We are given that tan ^ as « is decreased, 

and A are constants and we are to find AS. 

cos (90-8)=cos -c cos (90-^)+sin z sin (90--^) cos A 
sin S=cos z sin <^+sin cos cos A. 
cos 8 JS = -sin ^ Az sin <^4-cos ^ Az cos 0 cos A 

— (sin z sin <^ — 005 z cos cos A) Az 
tan z sin (90 — 8) cos ly . 

By sine-cosine formula and V = — ^tan z (given), 

/. J8*/: tan ^ cos iy. 

Similarly we can prove other parts. 


or 


* • 



CHAPTER VI 

MISCELLANEOUS PROBLEMS 

I. (a) 



rig. oy 


^ 'O 

The above figure represents 'earth supposed to be a 
sphere rotating about its axis through its centre from West 
to East. The extremities of the axis P and Q, are called 
north and south pole respectively. The great circle Tf? 
whose plane is perpendicular to the axis Pd, i.e. who^e 
poles are P and Q is called the terrestrial equator. 
Secondaries to the equator i.t. great circles passing through 
P and d are called Meridiaus. If O be an observer on the 
earth s surface then the great circle fOQ, is called Obser- 
ver s Meridian. The particular meridian which passes 
through Greenwich is called Standard Meridian. 

Position on the earth. Let 0 be the position of the 
observer and PGd be the prime meridian meeting the 
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equator at L and FOQ, be the observer’s meridian cutting 
the equator in M. 

Longitude. The longitude of O is defined to be the 
arc of the equator intercepted between the prime meridian 
and the meridian through 0. Thus arc Z,Ai = longitude. 
It can also be measured by the plane angle LCU or spheri- 
cal angle LPM i,e angle between two great circles. It is 
to be noted here that all places on the same meridian have 


the same longitude. 

Longitudes are measured from 0 to 180° East of Green- 
wich meridian. When the place is east of Greenwich it is 
called east longitude. Similarly when the place is west ot 
Greenwich, it has longitude west and is measured from Oto 

J80° west of Greenwhich meridian. 

Latitude. The arc of the observer’s meridian intercep- 
ted between the equator and the observer is called the ati 
tude of the observer. Thus arc OM or /.MCO is called lati- 
tude of O and is generally denoted by <!>. H the observer 
between the equator and north pole, j^titude is said W 
be north and is measured from 0 to 90 1 jg 

Simib.rly if the place be between the equator an ^th 
then its latitude is south and is measured from 

Tladlade. The arc of the observer’s meridian between 

the north pole and the observer is Colatitnd ^ 

PO is the colatitude. Again since PAf=90 and OM <i>, 

* Coldtitude — 

ParaUel of latitude. All places which have the same 
latitude will lie on a small circle parallel to t e equa 

and it is called parallel of latitude. 

Exercise 

,. Two ports are in the same parallel of latitude, their comma 
latitude being I and their difference of longitude 2A ; show that th^ 
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saving of distance in sailing from one to the other on the great circle 
instead of sailing due east or west is 

2 r {A cos l~sin~^ (sin A cos 1 }}, 

A being expressed in circular measure and r being the radius of the 

earth. (Utkal 55; Agra 54, Rajputana 58, 

Allahabad 57, 60, Nagpur 61, Sagar 1952) 

7" i? represents the equator p 

and A and B be the tsvo perts 
on the same parallel of lati- 
tude. Pis the pole of equator 
and the difference of longitudes 

between A and P = 2A so that 
^.4PP = 2A 

arc jLM= 2A radians 
=*2Ar in linear units. . ,(1) 

//r=:0 radian. 

Also AL = l = BM, 

P^=90-/=PP, 

Now sailing due east or west means that the ship sails 
along the small circle arc ADB, where small circle arc 
^i)P = parallel great circle arc LM.cos I 

— 2Ar. cos Minear units. ^ 

Join by a great circle arc and let PC be perpendi- 
cular to it; then clearly C is the middle point of great circle 

arc ACB as A PAB is isosceles Xow choosing AC as middle 
in the right-angled triangle ACF, we get 

sin .4C=cos (90-A) cos (90-00-<)^sin A cos 1. 

■'4C=sin-^ (sin A COS /). 
great circle arc AB=^<2AC 
=2 sin”^ (sin A cos /) radians 
2r sin * (sin A cos 1) in linear units. 

Thus the saving in distance 
>=Arc ADB~ Arc ACB 

= 2 r {A cos f- sin- (sin A cos/)} [by (3) and:(4)] Proved. 


R 


i< 


o\ 


...(4) 



m 
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2 . Show that in sailing from one meridian to a place in the 
same latitude on another meridian the distance saved by sailing along 
a great circle instead of sailing due east and west is maximum Jor 
latitude cos~^ yJ{cosec^ A - where ^ is the difference oj longi- 
tude of the two meridians, (Agra 51$ 55* 58, Rajpntana 55) 

Let the latitude be /, so that by Q. 1 the saving S is 
given by 

J*=2r {A 003 / — sin”^ (sin A cos Z,}. 

We are to find the value of I corresponding to which S 
is maximum. Now A and r being constants, therefore 5 is a 
function of I and for maximum value of 5, we must have 



Z- 


1 


V(i-sm^ A cos* 1 ) 


(-sin A sin Zj^=0 


2rsin/ 

r^O. If sin Z=0, then Z=*0, i.e. the two places are on the 
equator and as such there arises no question of saving 
because on the equator we travel along the great circle. 

Hence we must have 


A=0 

V(l-sin* A cos* 1) 

.. A* -sin* A 

or sin* A==A*-A* sin* A cos* Z or cos* 


or 


cos 1= ^ 


cosec* A 




Z^cos"^ ^cosec* 



• • 
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I 


3. A and B are two places on the earth's surface with same 

latitude the difference of longitude is 21. Prove (i) the highest 

latitude reached by the great circle AB is tan-^ (tan 0 sec 1). ^n’; The 

distance measured along the parallel of latitude between A and 
B exceeds the great circle distance AB by 

2 cosec-^ {{I cos - iin-i (sin I cos i>)]. 

From P draw PC perpendicular 

to great circle AB which is there- 
fore least and hence the latitude of 
C i. e. its distance from equator is 
greatest By symmetry C is 

mid. point of AB. If A be the ^ 
latitude of C then PC=90-A. 

Now choosing /_APC as Fig. 71 

middle in right angled triangle APC, we get 

sin (90-ii=.tan (£0- 90-^ ) tan (90-A) 

or cosf=>tan<A.cotA. /. tan A=tan ^ sec /. 

o , , (tan <b sec /). 

^nd part follows from Q. 1, 




In this case the two ports 
should be so situated that the 
difference of their logitude is 
rr radians, i. e. the two places 
should be on the same meri- 
dian. If I be the latitude, 
then the small circle between 
them is 

Arc ^OB=great circle TR 

^ X cos I 

cos I radians 



Fig. 72 
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= 77fl cos I in linear units. 


# • • 



Also great circle distance between them is arc AFB 

in radians=;7T-2/) a in linear units. 

/. saving S^a (tt cos /-7T-h2/J. 

For max. value of 5, we must have dSjdl^^O. 

/, dSjdl^^a (-TT sin /+2), sin 

5 = fl [7rV(l -sin^ 

= q [7rV(l-4/7r2j-»r + 2 sin"' S/tt] 

sin-' 2/7r]. Proved. 

F. jf a ship be sailing uniformly along c great circle and the 
observed latitudes be lyJzJz at equal intervals of time in each of 

which the distance traversed is s, show that 



where r denotes the earth’s radius. Show also that th£ change of 
longitude may also be found in terms of the three latitudes. 

(Agra 53, 55» Alld. 59, Benares Raj* 59* 49) 


Let TR be the equa- 
tor P its pole. Aj B, C 
are three points on a 
great circle whose lati- 
tudes are /i, h, so that 
PA^dO-li, PP=90-/2 
and PC ^90 -Is- Also 
AB=BC=s in linear Fig. 73 

measure = ./r in radians. If Z.PBA==e, then ^PBC 
COS (90 - /i)= COS isfr) cos (90 - k) 

-f sin {sfr) sin (90 -/ 2 ) cos 0. 



»7r — 6 . 


...( 1 ) 
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and cos i90-/3)=cos (sfr) cos OO-Zg) 

H-sin {sir) sin (OO-Zal cos in-B}, . .(2) 
Adding ( 1 ) and (2), lliereby eliminating 6, we get 
sin Zi+sin / 3=2 cos (i/r) sin 

s 


or 


2sinil±i>cos'i^=2c<s-^sin/,: 


{ 


cos *^ 2 - 


Hence proved. 


Again change in longitude is given by /_APC 


cos APC^ 


9s 

cos — - cos (90 - /j) cos (90 - /j) 


2s 


cos ~ - sin /j sin Z 3 
cos /, cos /a 


Now we can put the values of cos ( 2 ^/,) in terms of 

cos (sir) I.e. in terms of /„ /j, I, from the result proved above 

Hence change in longitude i.e. ^APC can be found in terms' 
of /i, /g and Z 3 . 


6 . Show that if L be the length of the arc of a great circle 
on the earth (supposed to be o sphere of radius R) eJnding frl 

latitude X, longitude l^ to latitude Aj and longitude l^, then 

L=R cos-^ (sin Aj sin Ag sec^ <p) 

when tan- ^^cot A. A, r« and that the highest latitude 

reached by the great circle will be 

cos-- A, cos A, sin (Z,~y cosec . 

(Sagar 56, 58, Agra 44) 
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(LxQ. 2 —^ in linear units 

T 


• • 



Fig. 74 


in radians. 

cos sin sin Ag 

-j-cos Ai cos Ag 

xcos.(/i-y 

= sin Aj sin Ag 

X{l + cot A^ cot Ag 

xcos 

cos ^ =sin sin {l + tan“ 4>) [by the given relation]. 

H 

' • -4 =cos"* {sin Ai sin Ag ?ec^ </>} 

* * K 

or L = cos“' (sin Ai sin Ag sec® 

Again suppose that A be the maximum latitude o t e 
point a say so that P <l=90-A. Let (variable) 

and Z.PQ,i<l=« say (constant). 

Now from APQ.Q .1 by applying the formula of conse- 

^“‘‘':oS-T/cos .=sin (90-A, cot C 90 -A,-sln . cot « 

or sinAiC03e=cosA.tanA-sinecot«. 

For Max. value of A, g should be zero. Hence diffe- 

dX 


rentiating (1) and putting ^^=0, we get 


cot ft 

-sin fisin Ai=-cos ecot a; ‘an e- 


sin 6^ 


cot g 

Vicot* a+sin® A^) 
sin Ai 

cos y^cot* a-t-sin^ Aj) 
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Putting for sin 6 and cos d in (l), we get 

sin A, 

cos A. tan A = sm A, a+sn?X) 


rot g 

H-cot a+sin® Ai) 


tan A = 


cos 


= V(sin* Ai + col* a\ 
\/(sin^ A, + cot^ a.) 


cos Ai 

cos Aj 


or 


VCcos* AjH-sm® Ai+cot“ a) 
__ cos Aj __ 


.. .(3) 


+ “■ 

Now we have to eliminate a for which apply sine 
formula on APQ. 1 Q .2 and we get 

sin LfR _ sin (90 — Agl 

sin(/ 2 ~^i^ sin a 

or sin a=acos Aj sin (^ 2 -/ 1 ! cosec LjR, 

Putting the value of sin a in (3), we get 

A=cos-^ {cos Aj cos A 2 sin [I 2 -I 1 ) cosec LjR), 

7. A port is in latitude I {north) and longitude A (east). 
Show that the longitude 0 / places on the equator distant 8 from the 
port are X±cos~^ {cos 8 sec 1) (Agia 56 Dacca 1950) 

GM = X given and PM=l. 

Let A and D be two 
places on the equator such 
that AP^DP^B. 

Clearly AM=MB. Also 
from right-angled triangle 
APM, we have 

cos 8=cos Lcos AM, Fig. 75 
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cos ^M^cos S.sec /, /. ^M—cos”^ {cos 5. sec 1) 

or GM~GA^cos~^ (cos 8 sec 1), 

Longitude of — cos“^ (cos S sec 1), 

Longitude of B—GB=:GAA-i-MB=GM-j-AM 

= A+cos“^ (cos 8 sec /). 

Hence the longitudes are A + cos“* (cos 8 sec /). 

8 . Two places on the earth’s surface are distant, one d from 
the pole and the other 6 from the equator and their difference of 
longitude is <p. Show that the angular distance between them is 

cos'-^ ^sin 20 cos=* 

AP^d=.BD, 

BP^90-e. 

cos -4S=cos 0 cos (90 — 5) 

-f sin 5 . sin (90 - 0) cos <i>, 

/, cos =sin 0 cos 0 

X(H-cos <P) 

= sin 0 cos 0 (2 cos^ ^/2) 

=sin 25. cos* ^/2. 

Fig. 7G 

Angular distance between A and B is 
.^4 B=co 3“^ (sin 20 cos* #2). 

9 Aand B are two places in the northern hemisphere, whose 
latitudes arc A and A' and the difference of their longitudes I {where 
I is supposed to be less than 90°). Show that if a ship sailing by 
the shortest course from A so B increases her latitude the whole way, 

tan A cot A' must not be greater than cos 1. 

SUtkal 54, Nagpur 58, Agra 52J 
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Join A and j 5 by a great 
circle arc and S be the position 

of the ship where its latitude 

is say and suppose that angle 

APS — 0. If Z_PAS=a, then 

applying the formula of conse- 
cutive four, vve get 



/? 


-- - t / 

, . sin A cos 0=cos A tan ^ — sin 0 cot oc. 
Differentiating w. r. t. 0, we get 


...(I) 


-sin A sin 0=cos A sec® ** 


dd 


— cos 0 cot a 


or 


Now 


d<h 

le 


dib^ cos 0 cot g-sin A sin'0 
d0 cos A sec® 0 


...( 2 ) 


stands for rate of change of </> w. r. t. 0. If 
increases the whole way from A to then for values of 0 
lying between 0 and /, ^ should not be -ive which means 

^ should be greater than or equal to zero. 

Hence from (2), we get 

cos 0 cot a - sin A sin 0 > 0. 

Now putting for cot a from (1), we get 


'f' 


a jcos A tan -sin A cos 0? . 
cos 0 I ( > sin A sin 0 


or cos 0 cos A tan > sin A (cos® 0+sin® 0) or > sin A 

cos 0,> tan A cot ...(3) 

Now 6 increases as the ship moves from ^ to fi therefore 
cos 0 decreases. 
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Hence the above condition should be satisfied when 
5 is at B i when = and 0 = /. 

/, cos I ^ tan A cot A'. 

In other words the above condition amounts to that 
tan A cot A' must not be greater than cos 1. 

lo. A ship starts frorri a point on the equator and sails in 
a great circle cutting the equator at an angle of 45^; find how much 
she has changed her longitude when she has reached a latitude 
tan-^ (Utkal 56, 59, Gorakhpur 59, Sagar 53) 

Let I be the latitude of 
the ship when the ship is at 
B so that /=tan"^ i or tan 
Let the longitude change by 
A so that arc AD=h- From 
right-angled triangle ABD, 

we get 

sin ^Z) = tan /.cot BAD 
= i .cot 45°==i. 


P 




UTKAL UNIVERSITY B. Sc. (Hons.) PAPERS 

*954 


1. (a) If the three sides of a spherical tiiangle be 
halved and a new triangle be formed, prove that the angle 
e between the new sides and \c is given by 

cos cos ^-|-i tan At tan Ac sin* 6, 

(b) If e, <f>, denote the distances of the corners A, B, C 
respectively from the point of intersection of arcs bisecting 
the angles of the spherical triangle ABC, show that 

cos d sin (t-cl+cos <f> sin (c-a)-f cos ^ sin (a-t)=0. 

2. (a) Show how to solve a spherical triangle right- 
angled at C having given a side a and the opposite angle A. 

(b) A and Bare two places in the Northern hemi- 
sphere, whose latitudes are A and A', and the difference of 

their longitudes is f (OU**) ; show that if a ship sailing by 
the shortest course from ^ to B increases her latitude on the 
whole way, tan A cot A' must not be greater than cos /. 

d (a) If Cl, Ci be the two values of the third side when 
A a. b are given and the triangle ABC is ambiguous, show 

that tan tan -^*=tan tan 

(b) In a spherical triangle if ^=B^2C, show that 


4. (a) 


cos a cos la^cos (c+Aa). 

In a spherical triangle ABC, prove that 

(ii) jC. 
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(b) If ^ = show that 


tan i^'-^tan 
tan ia="'r- 


1-tan tan 
»955 

1. (a) In a spherical triangle, show that 
sin b sin c+cos b cos c cos ^=sin B sin C- cos B cos Ceos a. 

(b) In a spherical triangle if arcs be drawn from the 
vertices to the middle points of the opposite sides, and if 
X' be the two parts of the one which bisects the side a, 


show that 


sin A 
sin A 


=*2 cos 


a 


2. (a) State Napier’s Rules, and deduce from them that 

in a spherical triangle ABC, in which 

^ =90®, cos a=co 3 b cos c and cot B=cot b sin c. 

(b) In a spherical triangle if 




TT 




show that 


a-\-b+c=—. 


3 (a) Show how to solve a spherical triangle having 
given the perimeter and the sum of two angles and the 

third angle^ a spherical triangle, if ^ = B=2C, show that 

8 sin (a+-^) Sin« cos ^ -sin= n 

4. (a) The arc of a great circle bisecting the 

AC of a spherical triangle cuts BC produced at Q.; show 

a . c-^b 

2 


CCS Ad sin ■^=sin 


sm 


(b) Two ports are in the same latitude /, their differ- 
ence ol longitude being 2A. Show that the distance 

in sailing from one port to the other along a great circle. 
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instead of due west or east is 2r (A cos / — sin ^ (sin A cos /}}, 
where r is the radius of the earth, 

*956 

1. (a) Prove that in any spherical triangle ABC, 

cot ^ sin c— cot B sin 4’Cos c cos A. B P. 25) 
(b) In a spherical triangle ABC, if 0, ^ tp be the arcs 
bisecting the angles A, B, C respectively and terminated by 
the opposite sides, show that 


cot 0,cos 



+cot <P cos 


, C 
+ COt tp cos 


=coi fl + cot ^+cot e. 

2. (a) Prove that in a spherical triangle ABC, 

a — b 

C 


, A-f-B 
tan — = 


cos 


cos - - 


2 

2 - 


(b) In a right-angled spherical triangle ABC, if 6 be 
the length of the arc drawn from C perpendicular to the 
hypotenuse AB, show that 

cot S = V(cot* a+cot* b). 

3. If Cl, ct be the two values of the third side when 
A, a, b are given and the triangle ABC is ambiguous, show 

that tan \ tan "|^=tan tan 

4. (a) If the sum of the two angles of a spherical 
triangle is less than it, show that the sum of the opposite 
sides is less than the semi-circumference of a great circle, 

(b) A ship starts from a point on the equator and sails 
m a great circle, cutting the equator at an angle of 45° • 

find how much she has changed her longitude when she 
has reached a latitude tan-^ (^). 

>957 

. Express the sine of an angle of a spherical 

tnangle m terms of the trigonometrical functions^of ihi 
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(b) If throhgh any point P on a sphere three great 
circles are drawn, cutting the sides of a triangle at angles 


z ; Zl \ ^2. >2 

Zz respectively, prove that 

cos X 

cos 

cos z 

cos Xi 

cos yi 

cos Zx =0* 

cos Xg 

cos 72 

cos Z 2 1 


2. (a) Prove that in a spherical triangle, if 

tan < 2 . tan i+sec C=0. 

(c) If the side c of a spherical triangle be a quadrant, 
prove that sin® p=cot $ cot <f> where p is the perpendicular 
on c, and 6 and are the segments of the vertical angle, 

3. (a) Prove that the sides of a right-angled spherical 
triangle must be each less than a quadrant or two of them 

must be each greater than a quadrant. 

ibl If 4> is the angle between the bisector of the 

vertical angle C and the perpendicular from it to the 

sin {a - b) 

opposite side, prove that tan 'P— gin {a-fb)' 

4. If B=60®, show that 

(i) 

(ii) coto — cotft^l. 

1959 

1. (a) Prove that, in any spherical triangle, 

cot a sin b~cot A sin C-hcos b cos C. (g 8 P. 25) 
(b) In a spherical triangle, if 6, ^ be the arcs bisect- 

ing the angles A, B, C respectively, and terminated by 

opposite sides, show that 

cot d cos iAI2)+cot ^ cos {BjO^+cot ^ cot (C/2) 

«cot<J-hcot i-hcot r. 

2. (a) In a spherical triangle, if arcs be drawn frorn 
the angles to the middle points of the opposite sides, and i 
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a, a' be the two parts of the one which bisects the side a, 

4 .U 1 . sin a - a 

Shew that =o cos — 

sm a 2 ’ 

(b) If a, b, c are known, c being a quadrant, determine 
the angles; show that if S be the perpendicular on c from 
the opposite angles, cos^ 5=005^ a+cos* b. 

3. (a) In a spherical triangle, if 

/4=77/o, B=7r/3, C=7r/2, 

shew that a + C^Trf^ m 

(b) A ship starts from a point on tlie equator and sails 
in a great circle, cutting the equator at an angle of 45®; find 

how much she has changed her longitude when she has 
reached a latitude of tan-' (i). 


two 


4. (a) Solve the spherical triangle having given 
sides and the angle opposite to one of them. 

(b) If £„ Cj be two values of ihe thiid side when A. a b 
are given and the triangle is ambiguous, shew that 


tan 


Cl 

2 


tan 


2 


—tan 


b — a 


tan 


6 - 1-0 


2 
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1. (a) In a spherical triangle ABC^ prove that 

(i) tan i {A-^B) tan iC 

i=cos i {a — b),sec ^ (a + 6)- 

(ii) sin € cos B«sin a cos 6-cos a sin b cos C. 

(§ 6. P. 23) 

(b) If corresponding angles of a triangle ABC and its 

polar triangle are equal, show that 

sec=^ A-^sec^ B+sec* C+2 sec A sec B sec C=l. 

2. (a) Ox, Oy are two great circles of a sphere at right 
angles to each other, P is any point in AB another great 
circle. OC which is p is the arc perpendicular to AB kom 
O, making the angle COx which is a with Ox. PM and W 
are arcs perpendicular to Ox and 0> respectively. Show 

that if OM=x and OjV=^, then 

cos a. tan x-f-sin a tan ^=lan p. 

(b) If S be the length of the arc drawn from C per- 
pendicular to AB in any triangle, prove 

cos 8 =cosec c [cos* a+cos* 4 - 2 cos a cos b cos cj 


I 




I 


NAGPUR UNIVERSITY B. Sc. PAPERS 

*956 

1. Define Polar triangles Show that if one triangle 

^ triangle of another, the latter will be the polar 

PoIar^tH ° ^ former and that the sides and angles of the 

and sides'^of ^.^^P^ctiveiy the supplements of the angles 
sides of the primitive triangle. 

Hence or otherwise prove that in a spherical triangle 
cos ^+cos fi.cos C = sin B.sin C cos 

2. (a) Prove Delambre’s analogy : 


COS 


sin 


A^B 

2 
C 
2 


sin 




c 

sin -r 
2 


tin- Se f Uhugie, if e, 4 ,, be the arcs bisec- 

op;ost :i7e?stw 

cot e cos Y +C0t i cos ~ +cot (A cos — 

S =cotfl4-cot^+cotc. 

O. taj ABC IS a great circle of a sphere* AA^ BR' 

rllkoZ\olTe Xt^thtriie^ln ^^h 

- .... ... 

‘fiangle ABC, show fh^r''^ ^ spherical 

cos ^fl.sin SC=cos AB sin DCi-cos AC sin BZ). 
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4. Discuss completely the ambiguity in the solution of 
a right-angled spherical triangle ABCy given side a and the 
angle A with C=90®. 

Solve the triangle if 

a =42° 18' 45" 

^^46° 15' 25" 

c=yo°. 

>957 

1. Compare the arc of a small circle subtending any 
angle at the centre of the circle with the arc of a great 
ciicle subtending the same angle at its centre. 

Two places on the same parallel of latitude differ in 
longitude by 30°. If their common latitude be 60°, find 
the distance between them due east or west, the earths 

radius being 3960 miles, 

2. In a spherical triangle ABC^ show that 

cot a sin 6=cot A sin C-f-cos b c^s C. (§ 8. P. 25) 

If §1, Sa and 83 denote the bisectors of the external 

angles of a spherical triangle, show that 

cot Sj sin M+col 82 sin IB+cot 8, sin iC=0. 

3. Solve any three of the following identities : 

^ ^ cos h {A — B} sin 4 

suTaC “ sin Ic 

(b) tan i {A-a) tan i t54-t)=tan 4 {B-b) tan i {A-\-a\ 

(c) If C = , then 

2 sin^ 4c=sin^ 1 (a-l-8)+sin^ J (a — fr). 

(d) IfC = ^f5, then 

1 — cos <2- cos b -{-cos f=0. 

4 Taking two great circles OX and OT at right angles 
to each other as axes of reference, find the equation of any 
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great circle in terms of the perpendicular to it from 0 and 
the angle made by this perpendicular with OX. 

If DE be an arc of a great circle bisecting the sides 
AB, AC of a spherical triangle at D and E, P the pole of DE^ 
and PB^ PD, PE, PC be joined by arcs of great circles, shew 
that ^BPC^2/_DPE. 


* 95 ^ 


i. (a) In a spherical triangle ABC show that 
where i = ^ (fl+6+c). 


cos 


sin 


r'j. 


(b) AB, CD are quadrants on the surface of a sphere 
intersecting at E, the extremities being joined by great 
circles; show that 


cos A EC ^ cos AC cos DD^cos BC cos AD. 

2. (a) In a spherical triangle ABC in which C = ^ 7 r 
show that 


tan lA sin as^sin c-cos a sin b. 

(b) In a spherical triangle ABC, if 6, if, be the arcs 

of great circles drawn from A, B, C perpendicular to the 
opposite sides, show that 

sin a sin 8— sin b sin ^=sin c sin iff 

= V(l-cos- a-cos» b-cos" c+2 cos a cos b cos c). 

3. (a) In a spherical triangle ABC, if C be a right angle' 
and D the middle point of AB, show that 

4 cos* Ic sin* CD -sin* a-Psin* b. 

(b) Perpendiculars are drawn from the angles A, B C 

of a spherical triangle, meeting the opposite sides at D E P 
respectively; show that ’ 

tan BD tan CE tan ^F=tan DC 


tan EA tan FB, 
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4. (a) If ABC be a spherical triangle, right-angled at C, 

and cos^=cos*a, show that if A be not a right angle, 

/>H-c=§7r or Iff, according as A and c are both less or both 
greater than Jtt. 

(b) A and B are two places in the northern hemisphere 
whose latitudes are A and A', and the difference of their 
longitudes I (where I is supposed to be less than 90®); show 
that, if a ship sailing by the shortest course from ^ to B 
increases her latitude the whole way, tan A cot A' must not 
be greater than cos /. 


1961 

1. In a spherical triangle ABC^ show that 

cot a sin i=cot A sin C+cos b cos C. (§ 8. P. 25) 

In a spherical triangle if ^ be the arcs bisecting 

the angles A^ B, C respectively and terminated by the 

opposite sides, show that 

^ B C 

cot 6 cos -^ + Cot cos 2 +cot ^ cos — 

«cot a-fcot cot c 


2. Prove Delambre’s Analogies. 

. A+B a-b 

sm— cos — 

C ■" c 
cos -n- cos 


Show that in a spherical triangle ABC^ 

sin (A-\-B) cos a+cos b 
sin C ~ 1-f cos c 

3. In a spherical triangle ABC if C=90®, prove that 

tan ^=cos A tan C. 


In a spherical triangle ABC right angled at C, if CD is 
the great circle drawn through C perpendicular to the 
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hypotenuse AB^ prove that 

sin* CZ)=tan AD tan DB. 

4. Compare the arc of a small circle on a sphere 
subtending any angle at the centre of the circle with the 
arc of a great circle subtending the same angle at its centre. 

Two ports are in the same parallel of latitude, their 

common latitude I and their difference of longitude 2A, 

show that the saving of the distance in sailing from one 

to the other on the great circle instead of sailing due east 

or west IS 2r [A cos /-sin-^ (sin A cos 1)], 

A being expressed in circular measure and r being tiie radius 
of the earth. 


AGRA UNIVERSITY M. A. AND M. Sc. PAPERS 

1956 

1. (a) Starting from the cosine formlua, establish that 

in any spherical triangle ABC, 

sin (A-hBj cos a+cos b 
sin C i+co3 c 

(b) If in a spherical triangle ABC, the 
A and B are equal, prove that either a~b or 

t 


medians from 


sin- — — cos- 


a a ^ 19 *' 

^ +COS-2 cos— +COS 


2. (a) State and prove Napier’s rules of circular parts 
for the solution of a right-angled spherical triangle. 

(b) If in a triangle a=^b^^7T and prove that 

A + B+C=7r+cos-^ h 

*957 

1. (a) In any spherical triangle ABC, prove that, if 

a /C c os B.cos (.9— ^1 ^ 

A -1- B-f- C = 2S, tan t cos cos iO“-C)j 

(b) If o is any point on the base BC, 

cin A cot ^Z)=cot 6. sin BAD -^cot c.sin DAC. 

He^nce obtain the length o. the ^ 

angle /I intercepted between the vertex ^ and the ba^e BC^ 

2 (a) If ABC be a spherical triangle right-angled at C 
and cos aJL-^^, show that if ^ be not a nght an^e 
6 + c = 4 rror|rr according as i and r are both less or both 

"'""rb) ‘'pTrpIndiculars are drawn from the 
of a triangle meeting the opposite sides at A . 

velv. Show that r*/i * 777? 

^ tan BZ). tan CB.tan ^B-tan DC. tan BA.tai 
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1958 

1. (a) In any spherical triangle ABC^ prove that 

sin(/4 + B) cos fl+cos 6 , s'\u co?A-cosD 

Sin C l+Cus c sine i-cosC 

(b) Show that in sailing from one meridian lo a place 
in the same latitude on another meridian, the distance saved 
by sailing along a great circle instead of due east or west is 
a maximum for latitude cos“^V(cosec* A— 1/A*) \^he^e 2A is 
the difference of longitude between the meridians 

2. (a) A spherical triangle A'B'C' is constructed with 
sides a/2, i/2, c/*2 where a, i, c are the sides of another 
spherical triangle ABC. Show that 

cos ^ = cos A* — \ tan i/2 tan c/2 sin* A\ 

(b) If a, /? are the arcs drawn from the right angle C 
of a spherical triangle ABC, respectively perpendicular to 
and bisecting the hypotenuse c, show that 

sin* cj-l U+sin* a) = sin* (3. 

*959 

1. (a) In a spherical triangle’, if 6, ^ be the arcs 

bisecting the angles A, B, C respectively and terminated by 
the opposite sides, show that 

cot e cos Y+coc cos-^-hcot cos ^ = col fl + coti + cot c. 

(b) Prove that cos a tan B+cos i tan /l-ftan C 

— cos a cos i tan A tan B tan C. 

2. (a) In a spherical triangle, if C be a right angle and 
D the middle point of AB, show that 

4cos*-| sin* CZ)=sin*a+£in* i. 

(b) Perpendiculars are drawn from the angles 4 B C 
of any spherical triangle, meeting the opposite sides ’at 
A A E respectively. Show that 

tan BD tan CE tan .(4F=tan DC 


tan EA tan FB. 
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i960 

1. (a) Define a polar triangle and show that if one 
triangle be the polar triangle of another, the later will be 
the polar triangle of the former (triangles under considera- 
tion being spherical triangles). 


(b) If a and ^ be the arcs drawn from the right angle 
respectively perpendicular to and bisecting the hypotenuse 
c, show that 

sin- ic (1+sin^ a)=siu* 

2. (a) In a spherical triangle ABC^ if A, B, C denote 
the angles and a, the side opposite to the angle A^ show that 
sin a sin B sin C 

= 2\/ { — cos S cos (5 — A) cos [S - B) cos (5 — (7)}. 

where = 

(b) If D be any point in the side BC of a spherical 
triangle, prove that 

cos AD sin £C*=cos AB sin Z)C+cos AC sin BD* 

Agra 61 

1. Compare the arc of a small circle on a sphere sub- 
tending any angle at the centre of the circle with the arc 
of a great circle subtending the same angle at its centre. 

Perpendiculars are drawn from the angle A, B^ C of any 
triangle meeting the opposite sides at Z), F respectively. 

Show I that 


tan 5D.tanCii.tan ^F=tan DC.tan £/4.tan FB. 

2. In a spherical triangle ABC, prove that 

A-^-B O’-b a-\-b C 
tan — ^=*cos — sec -y cot . 

TT 


In a spherical triangle ADC if A , 5— 


■7T 


and 


TT 


TT 


and C= , show that 


a-{-b-\-c — — 
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AGRA UNIVERSITY PAPER 

1962 


1. Prove that the sides and angles of the polar triangle 
are respectively the supplements of the angles and sides of 
the primitive triangle (the triangles being spherical). 

OAAj^ is a spherical triangle right-angled at A^ and acute 
angled at The arc AiAz of a great circle is drawn per- 
pendicular to OA, then ^ 42^3 is drawn perpendicular to OA^ 

and soon. Show that A^A„^, vanishes when « becomes 
infinite, and find the value of 

cos ^^i.cos A 1 A 2 .COS A 2 A 3 . . .to infinity. 

2. In a spherical triangle ABC prove that 

(i) sin b sin c sin A=2n, and 

(ii) sin 5 sin C sin 

where n and N' have their usual meanings. 

In a spherical triangle ABC, prove that 
cos a tan 5-f-cos b tan /4-f tan C 

=cos a cos b tan A tan B tan C. 

VIKRAM UNIVERSITY PAPER 

1962 


1. (a) In a spherical triangle ABC, 
(i) cot a sin c=cot A sin B+cos c 




prove that 
cos B. 


(b) If corresponding angles of a triangle ABC > 
polar triangle are equal, show that ® ^ 

fi+sec» C+2 sec ^ sec B sec C=, 

2. (a) In a spherical triangle show that if fl i / h 
the arcs of great circles drawn from A B r ’ t’ * ® 
to the opposite sides, ’ ’ ^ P®‘‘P 6 ndicular 
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sin a sin 0— sin b sin 0=sin c sin ^ 

* —cos- o— cos-^ cos^ c+2cos a cos b cos c]^‘- 

(b) A ship starts from a point on the equator and sails 

in a great circle cutting the equator at an angle of 45° find 

how much she has changed her longitude when she has 
reached a latitude tan-i (A). 

DELHI UNIVERSITY PAPERS 

1957 

1. (a) In any spherical triangle ABC, prove that 

cos b cos C=sin b cot i/— sin C cot A, 

(b) The most southenly latitude reached by the great 
circle joining a place A on the equator to a place B in south 
latitude <f> is </>i- Prove that the difference of longitude bet- 
ween A and B is 90°-f-cos-» (tan «/. cot 

2. (aj Prove that in a spherical triangle ABC, 

tan ^_sinJf5-C) a 

2 sinA(^+Cj 2* 

(b) If CD be the arc of a great circle drawn through 
C perpendicular to the hypotenuse AB of a right-angled 
spherical triangle ABC, prove that 

(i) cot^ CZ)=cot^ fl+cot- b, and 

(ii) sin2 CZ)=tan tan 

1958 

1. (a) In any spherical triangle ABC show that 

/(^\n{s-b) si n fJ— c) \ 

\/ \ sin s sin (j— i?) / 

(b) Prove that in the spherical triangle ABC 

"tan a cos C-f-tan c cos A 
1 —tan a tan c cos A cos C* 

2. (a) (i) In a spherical triangle, if C be a right angle 
and D the middle point of AB, show that 

4 cos^ ic sin* Ci?= sin* G-f sin* b. 


tan 


tan b~ 
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(ii) In a spherical triangle ADC right-angled at C, show 
that sin (/4— ^) = (cos b—cos ^7)/(l— cos b cos a), 

(b) ABC is a great circle of a sphere: AA\ BB\ CC' 
are arcs of great circles drawn at right angles to ABC and 
reckoned positive when they lie on the same side of it; show 
that the condition that A\ B', C should lie on a great circle 
is tan AA' sin £C-htan BB* sin C^ + tan CC' sin AB=^0. 


1959 


1. (a) 


A ^ ^ 

In a spherical triangle ABC^ prove that 

1 / ^ t cos i (a — b) . , ^ 

tan 2 + ^ cot 2 C. 


(b) In a spherical triangle, if ^ be the arcs bisec- 
ting the angles A^ B, C respectively and terminated by the 
opposite sides, show that 


cot e cos ^/1+cot cos ^B+cot ^ cos iC 

=cot a+cot A-f cot r. 

2. (a) (i) In a spherical triangle ABC, CX and CK 
are the internal and external bisectors of C, which is a right 
angle, prove that cot= CA'+cot- CY=qoI^ fi+cot- b. 

(ii) For a spherical triangle ABC in which C is 
show that, if (a-f,6-f c), 

sin 5 sin (j-c)=sin (5— a) sin (s—b). 

(b) The position of a point on a sphere, with reference 
to two great circles at right angles to each other as axes 
IS determined by the portions 1?, ^ of these circles cut off 
by great circles through the point, and through two points 
on the axes, each Jtt from their point of intersection; show 
that if the three points (tf, (6% r) lie on the same 

great circle, tan ^ (tan 0'— tan 6")-{-tan (tan 0"— tan 6) 

+tan 0' (tan 0— tan fl')— 0. 
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PUNJAB UNIVERSITY PAPER. 

1958 

I. Establish the relation between the elements of a 
spherical triangle and those of its polar triangle. 


Express tan | in terms of the trigonometrical ratios of 

the angles A, 5, C of a spherical triangle. 

If corresponding angles of a triangle ABC and its polar 
triangle are equal, prove that 

sec^ ^+sec® 5+sec^ C+2 sec A sec B sec C=l. 

2. (a) Explain Napier’s rules for the solution of a 
right-angled spherical triangle. 

Solve a right-angled spherical triangle having given its 
two angles. 

(b) OAAi is a spherical triangle right-angled at Ai and 
acute-angled at A; the arc A^A.^ of a great circle is drawn 
perpendicular to OAy then A^A^ is drawn perpendicular to 
OA^, and so on. Show that vanishes when n tends 

to infinity, and find the value of cos AAi cos ^1^42 cos A 2 A 3 .,. 
to infinity. 

1959 


I. Establish cosine formlae for a spherical triangle. 
In a spherical triangle ABC prove that 

(i) tan - -8) = ^ 


(ii) 


sin i 

sin c f l-cosflcos6cosc \ i 

siirC~ll+cos A cos B cos CJ - 


2. Obtain formulae to solve a spherical triangle ABC 
right-angled at C when A and B are given. Find the condi- 
tions under whlij & triangle is possible. 


's. 
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If in the above triangle, D be the middle point of AB^ 
prove that 

4 cos^ \c sin^ C/)=sin“ a-f-sin- h. 

1960 

1. (a) Establish the following formula : (cosine of 
inner side) (cosine of inner anglc) = (sinc of inner side) 
(cotangent of other side) — (sine of inner angle) (cotangent of 
other angle) 

(b) If in a spherical quadrilateral A BCD, the sides 
AB, BC be denoted by a, b respectively and the angle ABD 
be 0, show that 

tnn n— ^ h—sin a (cos h cos 54-cot C sin B) 

—cot A sin Z;-J-sin a (cos b sin 5— cot C cos By 

(c) Prove the following theorem for a spherical triangle : 

If one angle of a spherical triangle is greater than the 
other, the side opposite the greater angle is greater than the 
side opposite to the smaller angle. 


2. (a) In a spherical triangle ABC, C=" , cos A 

=cos2 a, prove that bA-c=l7T or jlrr stating the 

conditions under which these values are possible. 


(b) In a spherical triangle ABC, A = 'l, B=^ and 

^ 3 

prove that a-\-b-^c==^, 

(c) If ABC be a spherical triangl fKt^angldd at C 

show that sin o tan sin 6 tan 



